
gamomcemloba

inteleqti
gamomcemloba

XI



guram gogiSvili, Teimuraz vefxvaZe,

ia mebonia, lamara qurCiSvili

maTematika

XI   klasis saxelmZRvanelo

gamomcemloba inteleqti
Tbilisi 2012

redaqtori Teimuraz vefxvaZe

grifi mieniWa 2012 wels ssip ganaTlebis xarisxis ganviTarebis 

erovnuli centris (brZaneba ## 375, 18. 05. 2012) mier



guram gogiSvili, Teimuraz vefxvaZe,

ia mebonia, lamara qurCiSvili

m a T e m a t i k a

XI klasis saxelmZRvanelo

gamomcemloba inteleqti

Tbilisi 2012

Guram Gogishvili, Teimuraz Vepkhvadze,
Ia Mebonia, Lamara Kurchishvili

maTHS XI

Intelekti Publishers

Tbilisi 2012

ISBN 978-9941-439-54-4 (maTematika XI, I nawili)

ISBN 978-9941-439-56-8 (maTematika XI, saerTo)

© gamomcemloba `inteleqti~, 2012.

gamomcemloba inteleqti
Tbilisi, ilia WavWavaZDis gamz. 5. tel.: 225 05 22

www.intelekti.ge     info@intelekti.ge      inteleqti@caucasus.net

intelekti  Publishers
5 Ilia Chavchavadze Ave., Tbilisi, Georgia. Tel.: (995 32) 225 05 22



Cveno keTilo megobaro!

mogesalmebiT da gilocavT axali saswavlo wlis dadgomas!

imedia, Cveni saxelmZRvanelo karg megzurobas gagiwevT maTema-

tikis didebul samyaroSi mogzaurobisas. SevecadeT, praqtikuli 

amocanebis ganxilviT dagarwmunoT maTematikis Seswavlis aucile-

blobaSi. gaxsovdeT, aq miRebuli codna da misi gamoyenebis unari 

sxva sagnebis ukeTes aTvisebaSic dagexmarebaT.

Tu pirveli gacnobisas romelime sakiTxi kargad ver gaiazreT, 

ar daRondeT, gaagrZeleT muSaoba _ amave sakiTxs saxelmZRvaneloSi 

kvlav araerTxel SexvdebiT da aucileblad daZlevT mas.

warmatebiT gevloT maTematikis Seswavlis gzaze.

guram gogiSvili, Teimuraz vefxvaZe,
ia mebonia, lamara qurCiSvili

avtorTa madloba

axali saxelmZRvaneloebis Seqmna da maTi skolaSi danergva ganaTlebis 
mimdinare reformis mniSvnelovani nawilia.

eqspertTa, pedagogTa da saxelmZRvaneloebis avtorTa erToblivi Za-
lisxmeviT Seiqmna VII-XII klasebis saxelmZRvaneloebi, romlebic damkvi-
drda saSualo skolebSi. yoveli axali wignis werisas viTvaliswinebdiT 
maswavlebelTa mosazrebebs. madlobas movaxsenebT maT nayofieri Tanam-
SromlobisTvis.

gansakuTrebuli madlierebiT gvsurs aRvniSnoT eqspertTa Rvawli: 
maT mier Sedgenili 2011-2016 wlebis erovnuli saswavlo gegmis mixed-
viT daiwera XI klasis axali saxelmZRvanelo. gaviTvaliswineT yvela cv-
lileba erovnul saswavlo gegmaSi, eqspertebTan konsultaciebis dros 
gamoTqmuli mosazrebebi da wina wlebSi miRebuli gamocdileba.

madlobas movaxsenebT yvelas, vinc Tavis arCevans am wignze SeaCerebs. 
vfiqrobT es saxelmZRvanelo maT imedebs aucileblad gaamarTlebs.
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am niSnakiT drodadro SegaxsenebT, rom yvela amocana unda 
gadaitanoT rveulSi da DSemdeg SeasruloT. wignSi Canawerebi ar 
unda gakeTdes!

gaufrTxildiT wigns!

masSi Tqvenma Canawerebma wigni SeiZleba 
sxvebisTvis gamousadegari gaxados!

rogor visargebloT wigniT

wigniT sargebloba rom gagiadvildeT, ramdenime rCevas mogcemT.

saxelmZRvanelos TiToeuli Tavi masSi mocemuli ZiriTadi sakiTxebis 
CamonaTvaliT iwyeba.

TiToeuli Tavi paragrafebisgan Sedgeba. paragrafebi, rogorc wesi, 
ornawiliania. pirveli nawili Teoriul masalas eTmoba. misi gadmocema 
praqtikuli magaliTebis ganxilviT mimdinareobs. am nawils Seswavlili 
masalis SejamebiT vasrulebT.

es niSnaki migvaniSnebs paragrafis meore nawilis dawyebas _ `sxva
dasxva~. aq istoriuli sakiTxebi da sxva damxmare masalaa mo
cemuli.

s

es niSnaki amocanebis CamonaTvals win uZRvis.a

SemogTavazebT jgufuri muSaobis proeqtebs _ es TanaklaselebT-
an erToblivad muSaobis gamocdilebas SegmatebT. aq SeiZleba dag-
WirdeT informaciis damoukidebeli moZiebac da misi damuSavebac.

j

zogierTi paragrafis Teoriul nawilsa da amocanebs mosdevs sa-
varjiSoebi, romliTac Seswavlil (maT Soris _ gasul wlebSic) 
sakiTxebs gaimeorebT. am nawilis dawyebas gvauwyebs es sagangebo 
niSnaki.

g

teqstis ukeT gagebis mizniT saWirod CavTvaleT zogierTi si-
tyvis warmomavlobis, misi msgavsi mniSvnelobebisa an sinonimebis 
miTiTeba. aRniSnuli miTiTebebi Cvens leqsikonSia mocemuli. 
am saTauriT gamoyofil Canawerebs Tqven xSirad SexvdebiT. igi 
Tqvens sityvaTa maragsac gaamdidrebs da ufro gasagebs gaxdis 
wignis Sinaarss.

Cveni

leqsikoni
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simravle. ricxviTi simravleebi

1) simravleTa Teoriis elementebi

suraTze A da B simravleebi venis diagramis gamoyenebiTaa warmodgenili. 

maTi saerTo nawili _ am simravleTa TanakveTa (AÇB 
simravle) gaferadebulia lurjad.

ras ewodeba ori simravlis TanakveTa?

am suraTze A da B simravleebs saerTo elementi ara aqvs _ 
maTi TanakveTa carieli simravlea;

am suraTze wiTlad gaferadebulia A da B simravleebis 

gaerTianeba _ A∪B. ras ewodeba ori simravlis gaerTianeba?

aq A da B simravleebis sxvaobaa gaferade

buli. ras ewodeba A da B simravleebis sxvaoba?

simravleebze moqmedebebis zogierTi Tviseba 
warmovadginoT TvalsaCinod; magaliTad, (A∪B)∩C=(A∩C)∪(B∩C) 
simravlur tolobas venis diagrama TvalsaCinoebas matebs. 

kvlav davubrundeT ori simravlis tolobas. vTqvaT, mocemulia M da N 
simravleebi da vaCveneT: Tu raime x∈M, maSin x∈N da Tu raime x∈N, maSin 
x∈M. amiT dasabuTdeba M da N simravleTa toloba. rogor CawerT am pi-
robebs qvesimravlis cnebis gamoyenebiT?

am TavSi gaimeorebT gasul wlebSi Seswavlil zogierT sakiTxs 
_ dasabuTebis xerxebi, trigonometriuli funqciebi, geome-
triuli gardaqmnebi _ gaiRrmavebT codnas maT Sesaxeb; gaecno-
biT dasabuTebis axal xerxs _ maTematikuri induqciis meTods.

gameoreba. dasabuTebis xerxebi.		
trigonometriuli funqciebi

1.1

1

A∩B

A∩B=∅

A∪B

A \ B
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am paragrafSi ricxviT simravleebs ganvixilavT, simravleebs, romelTa 
elementebi ricxvebia.  

N — naturalur ricxvTa simravle; N={1, 2, 3, ... };

Z — mTel ricxvTa simravle; Z={... -3; -2; -1; 0; 1, 2, 3, ...};

Q — racionalur ricxvTa simravle; yoveli racionaluri ricxvi 

SeiZleba warmovadginoT m
n

 saxiT, m∈Z, n∈N. yovel racionalur ricxvs 

aTwiladis saxiTac CavwerdiT — sasruli aTwiladis an usasrulo perioduli 

aTwiladis saxiT. magaliTad, 

		  37
25

=1,48;		
21

125
=0,168;		  23

99
=0,(23);		  5

6
=0,8(3).

1
6

=0,1666..., es ukanaskneli niSnavs, rom 

		  0,16< 1
6

<0,17; 	 0,166< 1
6

<0,167; 	 0,1666< 1
6

<0,1667;

		  0,1666 . . . 6 < 1
6

 < 0,1666 . . . 6+ 1
10n+1

, n∈N.

		     n-jer		     n-jer

ormagi utolobebis Caweris procesi usasrulod gagrZeldeba; 0,0001-mde 

sizustiT 1
6

-is miaxloebiT mniSvnelobebia: 0,1666 — naklebobiT, 0,1667 — 

metobiT.

racionaluri ricxvebis erT-erTi gamoyeneba gazomvis procesTan aris 

dakavSirebuli. Tumca, arsebobs monakveTebi, romelTa sigrZeebi raciona-

luri ricxvebiT ar gamoisaxeba.

magaliTad, Tu ABCD kvadratis gverdi 1 erTeulia, maSin 

AC 2=2; ar arsebobs racionaluri ricxvi (anu sasruli an 

usasrulo perioduli aTwiladiT gamosaxuli ricxvi), romlis 

kvadrati 2-is tolia. AC-s sigrZe iracionaluri ricxviT — √2 -iT 

gamoisaxeba; es ricxvi, iseve, rogorc nebismieri iracionaluri 

ricxvi, usasrulo araperioduli aTwiladiT gamoisaxeba — √2 =1,41421356...

racionalur da iracionalur ricxvTa simravleebis gaerTianeba namdvil 

ricxvTa simravlea — R simravle. amrigad, namdvili ricxvi, romelic ar 

aris racionaluri ricxvi, iracionaluri ricxvia. gavixsenoT mimarTebebi N, 

Z, Q da R simravleebs Soris _ NÌZÌQÌR.

iracionaluri ricxvia, magaliTad, π ricxvi, romelic raime wrewiris 

sigrZisa da am wrewiris diametris Sefardebis tolia (yvela wrewirisTvis 

es Sefardebebi tolia); π-s aseTi usasrulo araperioduli aTwiladi war-

moadgens: π=3,14159....

gavecnoT usasrulo araperioduli aTwiladebis (iracionaluri ricx-

vebis) kidev ramdenime magaliTs:

a) 3,141441444... (pirveli erTianis Semdeg — erTi oTxiani, meore erTianis 

Semdeg — ori oTxiani da a. S.);
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b) 4,12345678910111213... (mZimis Semdegi mimdevrobiT naturalur ricxvebs 

vwerT).

aq warmodgenil zogierT debulebas sawinaaRmdegos daSvebis meTodiT 
davamtkicebT.

2) sawinaaRmdegos daSvebis xerxi _ debulebaTa dasabuTebis xerxi
axla wina nawilSi mocemuli zogierTi debuleba davasabuToT:

1. davasabuToT, rom ar arsebobs racionaluri ricxvi, romlis kva-
drati 2-is tolia.

davuSvaT sawinaaRmdego _ vTqvaT, arsebobs racionaluri ricxvi, rom-
lis kvadrati 2-is tolia; es racionaluri ricxvi SeiZleba ukveci wiladis 

saxiT warmovadginoT _ m
n

 da, maSasadame,

					     (m
n )

2
=2, 	 m2=2n2.

amrigad, m2 luwi ricxvia, maSin m ricxvic luwia (SeecadeT kvlav sawinaaR-

mdegos daSvebis xerxiT daasabuToT es faqti); m=2m
1
, anu 

				    4m
1
2=2n2;	 n2=2m

1
2.

miviReT, rom n2 luwia. maSin n luwia, n=2n
1
 da 

m

n
 = 2m1

2n
1

 _ miviReT winaaR

mdegoba _ m
n

 ar aris ukveci wiladi.

2. davasabuToT, rom 0,1234567891011... (mZimis Semdeg mimdevrobiT natu-
raluri ricxvebia amowerili) ar aris perioduli aTwiladi _ usasrulo 
araperioduli aTwiladia _ iracionaluri ricxvia.

davuSvaT sawinaaRmdego _ vTqvaT, mocemuli ricxvi perioduli aTwiladia 
da periodi k cifrisgan Sedgeba. cxadia, es periodi ar SeiZleba mxolod 
nulebisgan Sedgebodes _ es gamomdinareobs ricxvis agebis wesidan.

meore mxriv, saTanado adgilze unda eweros 103k-s aTobiTi Canaweri _ 
1-iTa da 3k cali nulisgan Semdgari. es nulebi moicavs nebismier k cifrian 
`monakveTs~, maT Soris aRmoCndeba periodic. miviReT winaaRmdegoba _ k 
cifriani periodi ar arsebobs.

SeecadeT sawinaaRmdegos daSvebis xerxiT daasabuToT a) da b) debulebebi: 

a) Tu Svidi kurdReli eqvs galiaSia ganawilebuli, maSin erT galiaSi 
mainc aris erT kurdRelze meti;

b) Tu 12 galiaSi 25 kurdReli gavanawileT, maSin erT galiaSi mainc 
aris or kurdRelze meti.
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		  Zvel babilonSi, TiTqmis 4000 wlis win, sakmaod daxelovnebulni 
iyvnen gantolebaTa amoxsnaSi da cdilobdnen gantolebaTa fesvebi, 
maT Soris iracionaluri ricxvebi, racionaluri ricxvebiT warmoedgi-
naT (miaxloebiT). magaliTad, 2500 wlis winandel Tixis firfitaze 

Sesrulebuli Canawerebis Tanamedrove `TargmaniT~ vigebT, rom √2  

moicemoda, rogorc 1 5
12

. es sakmaod kargi miaxloebaa, radgan 1 5
12

≈1,4167. arsebobs mosazreba, rom kvadratuli fesvis gamoTvlisas 
gamoiyeneboda formula

		  √a2+h≈ a+
h
2a

.

		  π ricxvi, metwilad, bibliidan aRebuli miaxloebiTi mniSvnelobiT 

_ 3-iT moicemoda, Tumca zusti gamoTvlebisas 3
1
8

 ricxviT warmoa

dgendnen, anu π ≈ 3,128, rac agreTve karg miaxloebas warmoadgens.

		  Zvel indoeTSi, albaT, Zveli egviptis gavleniT, gavrcelebuli 
iyo wiladebis warmodgena 1-is tolia mricxvelis mqone wiladebis 
jamis saxiT. 2500 wlis winandel erT-erT formulas dRes SeiZleba 
aseTi saxe mivceT:

				    √2 ≈1+ 
1
3

 + 
1

3·4 - 
1

3·4·34,	 anu √2  ≈ 1,41421576.

		  imdroindelia aseTi formulac:

			   π ≈4· (1- 
1
8

 + 
1

8·29
 + 

1
8·29·6 + 

1
8·29·6·8)

2

, anu π ≈ 3,098...

SevajamoT: 	 gavixseneT ricxviTi simravleebi da maT Soris mimarTebebi, 
ricxvTa Caweris xerxebi. gavixseneT debulebaTa damtkicebis 
meTodi _ sawinaaRmdegos daSvebis xerxi da davasabuTeT, 
rom ricxvi, romlis kvadrati aris 2, ar aris racionaluri 
ricxvi; moyvanilia usasrulo araperioduli aTwiladis mag-
aliTebi.

s

1. ra ricxvTa simravleebis gaerTianebaa namdvil ricxvTa simravle?
2. ra saxis aTwiladiT SeiZleba gamoisaxos iracionaluri ricxvi?
3. ra saxis usasrulo aTwiladiT SeiZleba gamoisaxos racionaluri ric

xvi?
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* * *

		  racionaluri ricxvebis aTobiTi poziciuri Canawerebis sistema me-17 
saukuneSi holandielma inJinerma simon stevinma (1548-1620) SemoiRo. 
mis mier iyo Seqmnili aTwiladebze moqmedebebis algoriTmebic.

* * *

iracionaluri ricxvebis magaliTebi

	 	 √2  _ erTeulis sigrZis gverdis mqone kvadratis diago-
nali.

		  π _ 1-is toli diametris mqone wrewiris sigrZe.

		  ϕ = √5-1
2

 — oqros kveTasTan dakavSirebuli 

ricxvi _ (1-ϕ):ϕ = ϕ:1 gantolebis fesvi.
 

1  		 vTqvaT, A aris yvela marTkuTxedis simravle, B aris kvadratebis 
simravle. maSin 

	 1) A=B 	 2) B⊂A 	 3) A⊂B 	 4) A∩B=∅.

2  		 vTqvaT, avtobusis mZRolebis simravlea A; B iyos im adamianebis 
simravle, romlebsac marTvis mowmoba aqvT. Tu yvela mZRols marTvis 
mowmoba aqvs, maSin

	 1) A=B 	 2) A⊂B 	 3) B⊂A 	 4) A∩B=∅.

3  		 erTelementiani simravlis yvela qvesimravleTa odenobaa
	 1) 1 		  2) 2 		  3) 3 		  4) 0.

4  		  suraTze A, B da C simravleebia gamosaxuli. dia-
gramaze es simravleebi isea warmodgenili, rom Svidi 
nawili gamoiyofa. isini gadanomrilia. A∩C simravle 
Sedgeba

	 1) I da VII nawilisgan 
	 2) III da VI nawilisgan 
	 3) I da VI nawilisgan 
	 4) IV da V nawilisgan.

1–ϕϕ

a

SearCieT swori pasuxi
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5  		 cnobilia, rom 26 pirvelklaselidan yovels aqvs Savi an wiTeli 
fanqrebidan erT-erTi mainc. amasTanave, 15-s aqvs wiTeli fanqari, 
21-s — Savi. ramden moswavles aqvs orive feris fanqari?

6  		 turistTa jgufidan yovelma samaxsovro suveniri SeiZina — arc 
erT maTgans samze meti ar SeuZenia. cnobilia, rom TiTo suveniri 
mxolod Svidma turistma SeiZina, araumetes ori suvenirisa — 21-ma, 
aranakleb orisa ki —29-m. ramdeni turisti iyo am jgufSi da ram-
denma maTganma SeiZina sami suveniri?

7  		 jogSi sul 28 Zroxaa. maTgan 15 mewvelia, 17 Wreli Seferilobisaa. 
sul mcire ramdeni Wreli Zroxaa mewveli?

8  		 erT-erTi bankis 150 klientidan 80-s ucxouri valutiT aqvs an-
gariSi gaxsnili, 40-s — qarTuli larebiT, 23-s — orive valutiT.

	 gamoiyeneT venis diagramebi da upasuxeT kiTxvebs:

		  a) ramdens aqvs angariSi gaxsnili mxolod ucxouri valutiT?

		  b) ramdens aqvs angariSi gaxsnili mxolod larebiT?

		  g) ramdens ara aqvs gaxsnili angariSi arc qarTuli da arc ucxouri 
valutiT?

9  		 qalaqis moswavleTa CempionatSi curvis sam saxeobaSi monawileo-
baze 50-ma moswavlem gamoTqva survili. es saxeobebia: I — kroli, II 
— brasi, III — baterflai. zogierTma moswavlem monawileoba miiRo 
erT-erT saxeobaSi, zogierTma or, zogierTma ki — samive saxeobaSi:

	 cnobilia, rom
		  16 monawileobda I saxeobaSi,

		  18 — II-Si,

		  24 — III-Si,

		  4 — I-sa da II-Si,

		  5 — II-sa da III-Si,

		  8 — I-sa da III-Si,

		  3 — samiveSi.

 		  ipoveT im moswavleTa odenoba, romlebmac:

	 a) arc erT saxeobaSi ar miiRes monawileoba;

	 b) monawileobdnen I da II saxeobaSi, III-Si — ara;

	 g) mxolod I saxeobaSi monawileobdnen;

	 d) mxolod III saxeobaSi monawileobdnen;

	 e) monawileobdnen an II, an III-Si, anu erT-erTSi mainc am ori saxe-
obidan.

10  		  nayinis mwarmoebeli firmis mier Catarebuli gamokiTxvis Sedegebi 
ase gaformda: 100 gamokiTxulidan 78-ma aRniSna, rom xilis nayini 
uyvars, 61-ma — Sokoladis, 40-ma aRniSna, rom orive saxis nayini 
uyvars — xilisac da Sokoladisac. aRmoCnda agreTve, rom yovel 

amoxseniT amocanebi
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gamokiTxuls dasaxelebuli saxis nayinebidan erT-erTi mainc uyvars. 
aris Tu ar gamokiTxvis Sedegebi sworad aRricxuli? pasuxi daasabu-
TeT.

11  		  fexburTSi 2006 wlis msoflio Cempio-
natze erT-erTi saswavleblis studentebis 
umetesoba gulSematkivrobda italiis, 
braziliis an inglisis gundebs; amasTa-
nave, zogierTi studenti erTdroulad 
or gunds qomagobda, zogierTi — sami-
ves. cnobilia, rom 80 studenti samive 
gunds qomagobda, 139 — braziliasa da 
italias; 170 — braziliasa da ingliss; 
320 — italiasa da ingliss; 500 — ingliss; 540 — italias; 700 — 
brazilias; 208 — arc erTs am sami gundidan.

		  • ramdeni studenti qomagobda mxolod brazilias?

		  • ramdeni studenti qomagobda erT-erT gunds mainc am samidan?

		  • ramdeni qomagobda araumetes erT gunds am samidan?

		  • ramdeni qomagobda braziliasa da italias, magram ar qomagobda 
ingliss?

		  • ramdeni qomagobda brazilias an italias, magram ar qomagobda 
ingliss?

12  		 erT-erTi telekompaniis 100 TanamSromlis gamokiTxvis Sedegad 
gairkva: maTi umravlesoba kiTxulobs sam gazeTs — `24 saaTs~, `re-
zonanss~, `mTavar sports~; amasTanave, zogierTi maTgani yoveldRiurad 
yidulobs mxolod erTs am sami gazeTidan, zogierTi — mxolod ors 

am samidan da zogierTi — arc erTs am 
samidan.

	 100 gamokiTxulidan 44 yoveldRiurad 
yidulobs gazeT `24 saaTs~, 40 — `re-
zonanss~, 37 — `mTavar sports~; 16 
— `mTavar sports~ da `24 saaTs~; 15 
— `rezonanss~  da `mTavar sports~; 11 
— `rezonanss~ da `24 saaTs~, 4 — samive 
am gazeTs.

	 • ramdeni gamokiTxuli ar yidulobs 
arc erT gazeTs aRniSnuli samidan?

	 • ramdeni yidulobs mxolod `rezonanss~?
		  • ramdeni yidulobs `24 saaTs~ an `rezonanss~?

		  • ramdeni yidulobs `24 saaTs~ an `rezonass~ da ar yidulobs 
`mTavar sports~?

13  		 daasabuTeT, rom nebismier or racionalur ricxvs Soris uamravi 
racionaluri ricxvia.

	
miTiTeba. ganixileT mocemuli ori ricxvis saSualo.
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14  		 ipoveT 0,9-ze nakleb namdvil ricxvebs Soris udidesi namdvili 
ricxvi, romlis aTwiladis saxiT Cawerisas ar gamoiyeneba cifri 9.

15  		 ipoveT umciresi namdvili ricxvi, romelic metia 7,6-ze da misi 
aTwiladis saxiT Cawerisas ar gamoiyeneba cifrebi 0; 1 da 2.

16  		  daasabuTeT, rom, Tu m2 iyofa 5-ze, maSin m iyofa 5-ze.

17  		  daasabuTeT, rom √5  ar aris racionaluri ricxvi.

18  		 daasabuTeT, rom √5–1
2

 ar aris racionaluri ricxvi.

19  		 daasabuTeT, rom ar arsebobs racionaluri ricxvi, romlis kva-
drati aris:

	 a) 7; 		 b) 8; 		  g) 15.

20  		 vTqvaT: x=1,0234107...; y=1,0235106...; z=1,0235106..., amasTanave, x, y 
da z racionaluri ricxvebia. miuTiTeT qvemoT mocemuli formule-
bidan romelia WeSmariti, romelia mcdari, an romeli formulis 
WeSmaritobis an mcdarobis dasadgenad mowodebuli informacia ar 
aris sakmarisi.

	 a) 1,02<x<1,03; 	 b) x<1,03; 		  g) x>1,0234107; 	 d) x<y; 
	 e) x+y<2,048; 	 v) x+y<2,046; 	 z) x+y>2,04692; 	 T) x<z; 
	 i) y=z; 		  k) yz>1,04; 		  l) x=1,0234108; 	 m) z=1,0234108.

21  		 gamoiyeneT kalkulatori da CawereT sasruli an perioduli 
aTwiladis saxiT racionaluri ricxvi:

	 a) 5

8
; 		  b) 1

3
; 		 g) 41

333
; 	 d) 6

11
; 	 e) 4

23
.

			   sazogadod, yovelTvis Tu SeZlebT mxolod kalkulatoris 
gamoyenebiT periodis miTiTebas?

22  		 mocemulia gamosaxulebebi:

	 a) ab; 		  b) √a+b ; 		  g) a+√b ; 		  d) √a +b.

		  romeli maTganis mniSvneloba SeiZleba iyos racionaluri ricxvi, 
Tu b — racionaluria, a — iracionaluri? dadebiTi pasuxis SemTx-
vevaSi miuTiTeT cvladebis raime saTanado mniSvnelobebi (magaliTad, 
Tu b=2, a= –√2 , maSin a+√b  racionaluri ricxvia). uaryofiTi pasuxis 
SemTxvevaSi dasabuTebisTvis SeecadeT gamoiyenoT sawinaaRmdegos 
daSvebis meTodi.

23  		  moiyvaneT iracionaluri da racionaluri ricxvebis magaliTebi 
(Tu arsebobs), romlebic √3 -sgan 0,003-iT gansxvavdeba.

24  		 vTqvaT, a da b iracionaluri ricxvebia. CamoTvlilTagan romeli 
ricxvi SeiZleba iyos racionaluri:

	 a) a+b; 		  b) ab; 		  g) √a+b ; 		  d) 
a

√b
?
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25  		 miuTiTeT raime x ricxvi, romelic [–0,01; 0,01] Sualeds ekuTvnis 
da x2 iracionaluria.

	
miTiTeba. magaliTad, x=√24 ·10–3. ipoveT ramdenime sxva ricxvic.

 

26  		 moiyvaneT magaliTi iracionaluri ricxvisa, romelic 1,3-isgan 
gansxvavdeba araumetes 10–3-iT.

	
miTiTeba. ganixileT ricxvi: 1,3+√2 ·10–4. ipoveT raime sxva ricxvic.

27  		  daasabuTeT, rom yoveli aTwiladi M,a
1 

a
2
 .... a

n
01011011101111 ..., 

sadac n∈N, M mTeli nawilia, a
1
a

2
, ..., a

n
 raime cifrebia, maTi Semd-

gomi pirveli nulis Semdeg erTi erTiania, meore nulis Semdeg ori 
erTiani da a. S., usasrulo araperioduli aTwiladia.

28*  		 vTqvaT, mocemulia perioduli aTwiladi — 0,2(35). am Canaweris 
aTwilad nawilSi cifrebi Tanamimdevrulad gadavnomroT: pirvelia 
2, meore — 3, mesame — 5, meoTxe — 3 da a. S. es wesi gansazRvravs 
funqcias:  n → f (n)  — yovel naturalur n ricxvs SevusabameT  
0,2(35)-is aTwilad nawilSi n-uri cifriT warmodgenili ricxvi. mag-
aliTad, f (3)=5, f (4)=3.

		  • ipoveT am funqciis gansazRvris are;

		  • ipoveT am funqciis mniSvnelobaTa simravle;

		  • n-is ra mniSvnelobebisTvis iRebs f (n) udides mniSvnelobas?

		  • SeecadeT aRweroT f funqciis grafiki da gamosaxoT sakoordi-
nato sibrtyeze (n; f (n)) wertilebi, n=1, 2, ..., 12.

29  		  vTqvaT, WeSmaritia sami debuleba: 
		  a) Tu samkuTxedSi erT-erTi kuTxe marTia, maSin am kuTxis mopirda-

pire gverdis kvadrati danarCeni ori gverdis kvadratebis jamis 
tolia;

		  b) Tu samkuTxedSi erT-erTi kuTxe maxvilia, maSin am kuTxis 
mopirdapire gverdis kvadrati naklebia danarCeni ori gverdis kvad-
ratebis jamze;

		  g) Tu samkuTxedSi erT-erTi kuTxe blagvia,  maSin am kuTxis 
mopirdapire gverdis kvadrati metia danarCeni ori gverdis kvad-
ratebis jamze.

		  • CamoayalibeT TiToeuli mocemuli debulebis Sebrunebuli de-
buleba da mopirdapire debuleba.

		  • daasabuTeT miRebuli debulebebidan TiToeuli mxolod sawi-
naaRmdegos daSvebis meTodis gamoyenebiT.

30  		 yuTSi sami feris fanqrebia: 6 — lurji, 7 — wiTeli da 8 — yvi-
Teli. ra umciresi odenobis fanqrebi unda amoviRoT (yuTSi Cauxe-
davad), rom maTgan

		  a) ori mainc iyos erTi feris;

		  b) oTxi mainc iyos erTi feris?
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31  		  klasSi 37 moswavlea. moiZebneba Tu ara maT Soris oTxi moswavle, 
romlebic erTsa da imave TveSia dabadebuli?

32  		 SeadgineT wina amocanis analogiuri amocanebi da amoxseniT — 
magaliTad, ra ricxvebiT SeiZleba SevcvaloT 37, rom 

	 a) daskvna ar Seicvalos;		  b) daskvna Seicvalos.

33  		 daasabuTeT, rom nebismier sam naturalur ricxvs Soris moiZebneba 
ori ricxvi, romelTa jami iyofa 2-ze.

34  		 SeiZleba Tu ara ori feris saRebaviT SeiRebos kubis 
waxnagebi ise, rom yoveli ori mezobeli waxnagi (saerTo 
wibos mqone) sxvadasxva feris saRebaviT iyos SeRebili?

35  		  SeiZleba Tu ara, sami feris saRebaviT SeiRebos kubis waxnagebi 
ise, rogorc es 34-e amocanaSi iyo aRwerili?

36  		  kvadratis gverdi 3 sm-ia. am kvadratSi nebismieradaa 
aRebuli 10 wertili. SeiZleba Tu ara moiZebnos 1 sm 
gverdis mqone kvadrati, romelsac ekuTvnis am wertile-
bidan 2 mainc?

	
miTiTeba. gamoiyeneT mocemuli suraTi.

37  		 SeadgineT wina amocanis analogiuri amocana — SecvaleT wertilebis 
odenoba.

38*  		 wveulebaze 30 stumaria Tavmoyrili. 

maT Soris arian stumrebi, romle-
bic erTmaneTs icnoben. daasabuTeT, 
rom am 30 stumars Soris moiZeb-
neba ori stumari mainc, romlebsac 
am stumarTagan erTnairi odenobis 
nacnobebi hyavT (miviCnioT, rom, Tu 
erTi stumari icnobs meores, maSin 
meorec icnobs mas).

	

	

	

miTiTeba. yoveli stumris nacnobebis ricxvi SeiZleba iyos 0, 1, 2, 

3, ..., an 29. ganixileT ori SemTxveva: 1) arsebobs stumari, romelsac 

ar hyavs nacnobi, 2) ar arsebobs stumari, romelsac ar hyavs nacnobi.
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1 		  ganvixiloT ricxviTi Sualedi: [√2 ; √3 ].

		  • ekuTvnis Tu ara am Sualeds ricxvebi:

	 1,5+10–1 da √2 +10–1;		  1,5+10–2 da √2 +10–2;

	 1,5+10–3 da √2 +10–3;

		  nebismieri n∈N-sTvis — 1,5+10–n da +10–n?

		  • Seicavs Tu ara aRniSnuli Sualedi usasrulod bevr racionalur 
da usasrulod bevr iracionalur ricxvs?

2  		 ganixileT raime sxva Sualedi, magaliTad, [√3 ; √5 ] an [√5 ; √7 ]. daas-
abuTeT, rom TiToeuli maTgani Seicavs usasrulod bevr racionalur 
da usasrulod bevr iracionalur ricxvs.

3  		 • daasabuTeT, rom yoveli [a; b] Sualedi Seicavs [r; r+
1

10n
] saxis 

Sualeds (n raime naturaluri ricxvia), r sasruli aTwiladia.

		  • daasabuTeT, rom yoveli [a; b] Sualedi usasrulod bevr racio-
nalur ricxvs Seicavs.

		  • vTqvaT, r=M,a
1
a

2
 ... a

n
 sasruli aTwiladia; aageT iracional-

uri ricxvi, romelic metia r-ze da naklebia r+
1

10n
-ze (magaliTad,  

M,a
1
a

2
 ... a

n
010110111...).

		  • daasabuTeT, rom nebismieri [a; b] Sualedi usasrulod bevr ira-
cionalur ricxvs Seicavs.

4  		 arsebobs Tu ara mocemuli namdvili ricxvis `uaxloesi~ namdvili 
ricxvi? pasuxi daasabuTeT.

j



18

simravleebs Soris damokidebulebebis aRweris da TvalsaCino warmodgenisas 
Cven ukve gvqonda grafis gamoyenebis magaliTebi. igi warmovadgineT figuriT, 
romelic wertilebiTa da am wertilebis SemaerTebeli wirebisgan (wiboebisgan) 
Sedgeba (SesaZlebelia SeerTebuli iyos: mocemul wertilTa yoveli wyvili, an 
mxolod maTi nawili, an raime wertili _ Tavis TavTan, raime ori wertili (wvero) 
SeiZleba ramdenime wiriTac iyos SeerTebuli).

grafi SeiZleba iyos orientirebuli, anu mis TiToeul 
wiboze miTiTebuli iyos sawyisi da bolo wertilebi 
(wveroebi).

mravali amocanis amoxsnisas grafebi TvalsaCinod 
warmogvidgens amocanis pirobas. es gansakuTrebiT 
mniSvnelovania, roca grafs mravali wvero aqvs. aseTi 
grafebis ganxilvaze daiyvaneba mravali sayuradRebo 
praqtikuli amocana. magaliTad, ekonomikaSi — transpor-
tis moZraobis nakadebis yvelaze xelsayreli variantebis 
SerCevisas; qimiasa da biologiaSi — molekulebisa da 

maTi bmebis Seswavlisas, eleqtroteqnikaSi — sqemebis Sedgenisas; mSene-
blobaSi — ZiriTad saqmeTa dagegmvisa da maTi Sesrulebis umoklesi drois 
Ziebisas. am amocanebs momavalSi ganvixilavT. amjerad daviwyebT martivi 
amocanis ganxilviT. is sakmaod did gamocdilebas SegZenT.

1.2 grafebis gamoyenebis magaliTebi

magaliTi 1

vTqvaT, klasis saWadrako turnirSi 
eqvsi moswavle monawileobs — aleko, 
beqa, giorgi, dimitri, elene da vato.

mocemuli momentisTvis zogierTi 
Sexvedra ukve Catarda: a — b (alekom 
iTamaSa beqasTan); a — g, a — e, e — v, 
v — d, d — g, v — g. moswavleebi TiTojer 
unda Sexvdnen erTmaneTs. ramdeni Sexve-
dra darCa Casatarebeli?

amocana grafebs davukavSiroT. moTamaSeebi 
wertilebiT gamovsaxoT da aRvniSnoT maTi saxelebis 
pirveli asoebis mixedviT. Tu orma moWadrakem 
iTamaSa erTmaneTTan, maSin Sesabamis wertilebs 
wirebiT vaerTebT (es grafis wiboebia). sul 7 
aseTi wibo miviReT — 7 Sexvedris aRmniSvneli.
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axla ki danarCeni Sexvedrebic gamovsaxoT — 
gavavloT SesaZlo wiboebi — yoveli aseTi ori 
wertili TiTo wiboTi unda SeerTdes — ase miviRebT 
saTanado grafs, romelsac 8 wibo aqvs. amrigad, 8 
partia darCa Casatarebeli. sul SexvedraTa ricxvia 
7+8=15.

aRsaniSnavia, rom grafis gamoyenebiT TvalsaCinod mivuTiTeT is wyvilebic, 
romelTac mouwevT TamaSi.

magaliTi 2

soflis xuTma mosaxlem xexilis xuTi 
baRi SeiZina. maT gadawyvites ise gain-
awilon es baRebi, rom yoveli mosaxle 
Tavisi saxlidan Tavis baRSi sxvisi baRis 
gauvlelad mivides. bilikebis, baRebisa 
da saxlebis ganlagebis sqema suraTzea 
warmodgenili.

am suraTze ki amocanis pirobis Sesabamisi 
grafia gamosaxuli. am grafs aqvs 10 wvero da 
10 wibo. amocanis amosaxsnelad unda SevarCioT 5 
iseTi wibo, romlebsac saerTo wvero ara aqvs. 5 
da 1 wertilebisTvis erTaderTi arCevani gvaqvs: 
1 — b, 5 — e. axla ukve 4-sTvis rCeba erTaderTi 
arCevani: 4 — d, Semdeg ki an 2 — a da 3 — g 

unda avirCioT, an 2 — g da 3 — a. sxva amonaxsni amocanas ara aqvs.

magaliTi 3

qalaq kenigsbergSi mdinare pregelze 
7 xidi iyo gadebuli. qalaqis sxvadasxva 
nawilebi (suraTze isini A, B, C da D-Tia 
aRniSnuli) am xidebiT ukavSirdeboda erT-
maneTs. SeiZleba Tu ara Svidive xidi ise 
gaviaroT, rom romelime maTganze gavla 
xelmeored ar dagvWirdes da erTi raime 
wertilidan aseTi Semovlis Semdeg kvlav 
imave wertilSi davbrundeT?

SeecadeT ipovoT es ricxvi sxva gziTac (monawileTa ricxvia 6, yoveli 

xvdeba danarCen 5-s, 
6·5
2

=15).

axla is cnobili amocana ganvixiloT, romelmac dasabami misca grafTa 
Teorias.
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amocanis Sesabamisi grafi ase SeiZleba gamovsaxoT: 
A, B, C da D grafis wveroebia. qalaqis am nawilebis 

SemaerTebeli xidebi grafis wiboebiTaa gamosaxuli. 
`grafis enaze~ es amocana ase Camoyalibdeba — arse-
bobs Tu ara mocemuli grafis raime wverodan am grafis 
iseTi uwyveti Semovla, romelic mis TiToeul wiboze 
erTxel gaivlis? anu SeiZleba Tu ara am grafis daxatva 
misi raime wverodan fanqris auReblad ise, rom yovel 
wiboze erTxel gaviaroT?

es SeuZlebelia — nebismieri wverodan moZraobis dawyebisas yvela 
sxva wvero unda gaviaroT, amasTanave, yovel wveroSi (qalaqis nawilSi) 
`Semaval~ wibosTan erTad unda arsebobdes `gamomavali~ wiboc. amrigad, 
yovel wveroSi `Semavali~ wiboebis odenoba toli unda iyos am wverodan 
`gamomavali~ wiboebis odenobis — wiboebis saerTo odenoba luwi unda 
iyos. Cveni grafi am pirobas ar akmayofilebs. maSasadame, saZiebeli 
marSruti ar arsebobs.

g

magaliTi 4

turistuli marSruti A qalaqidan 
iwyeba da imave qalaqSi unda dasruldes. 
gzad turistebma unda moinaxulon B, 

C da D qalaqebi. cnobilia, rom yoveli 
ori qalaqi erTmaneTs uSualod (sxva 
qalaqze gauvleladac) ukavSirdeba 
erTaderTi gziT da am gzis sigrZe 
grafzea miTiTebuli. Semovlisas ra 
marSruti unda airCion eqskursantebma, 
rom gavlili gza umoklesi aRmoCndes?

ganvixiloT grafi,  romelzec yvela 
SesaZlo marSruti da am marSrutis sigrZea 
warmodgenili.
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amrigad, umoklesi marSrutebia: A → B → D → C → A da A → C → D → B → A, 
am gzebiT gasavlelia 85 km.

SevajamoT: 	 gavixseneT grafebis Sesaxeb zogierTi sakiTxi da moviyvaneT 
amocanebis amoxsnisas grafebis gamoyenebis magaliTebi.

		  ganvixiloT aseTi `martivi~ amocana: SesaZlebelia Tu ara nebi-
smieri geografiuli ruka oTxi feris saRebaviT ise gavaferadoT, 
rom TiToeuli qveyana TiTo feriT iyos warmodgenili, xolo yoveli 
ori mezobeli qveyana (saerTo sazRvris mqone; mxolod erTi saerTo 
wertili sazRvrad ar iTvleba) sxvadasxva feriT iyos warmodgenili?

	 SeecadeT ganixiloT ramodenime nimuSi am amocanis ukeT warmosad-
genad. gamoiyeneT gra
febic.

		  Tavad amocana aRmoC
nda urTulesi maTema-
tikuri amocana. grafTa 
Teoriam mniSvnelovani 
wvlili Seitana mis amo
xsnaSi ,  saWiro gaxda 
mZlavri kompiuteruli 
daxmarebac.

s

amoxseniT amocanebi

1  		 xuT yuTSi awyvia atami, vaSli, msxali, qliavi da tyemali. yuTebi 
gadanomrilia — I, II, III, IV, V; amasTanave, I yuTSi aris qliavi da 
tyemali; II yuTSi — atami, vaSli da qliavi; III yuTSi — tyemali; IV 
yuTSi — msxali; V yuTSi — vaSli, atami da msxali. TiToeul yuTze 
saWiroa gavakeToT mxolod erTi Semdegi warwerebidan: `atami~, `vaSli~, 
`msxali~, `qliavi~ an `tyemali~ ise, rom Sesabamis yuTSi aucileblad 
iyos miTiTebuli nayofi.

		  SeadareT am amocanis mixedviT Sedgenili grafi paragrafis Teo-
riuli nawilis pirvel magaliTSi Sedgenil grafs.

a
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2 	 	 SeadgineT raime amocana, romlis amosaxsnelad gamoiyenebT imave 
tipis grafs, rac iyo wina amocanaSi.

3  		  suraTze mocemulia grafi. zogierT wveroSi 
ori wibo iyris Tavs, zogan — sami.

		  gvsurs SemoviaroT fanqriT es grafi ise, rom 
TiToeul wiboze mxolod erTxel gaviaroT.

		  • ramdeni wibo iyris Tavs A da B wveroebSi?
		  • xom ar airCevdiT romelime am wveros Semovlis 

dasawyisad, meores ki — Semovlis dasasrulad? pasuxi daasabuTeT.
		  • ramdeni wibo iyris Tavs yvela sxva wveroSi?
		  • ramdenime adgilas miTiTebulia SesaZlo Semovlis mimarTuleba. 

SeecadeT gamoiyeneT es miTiTebebi da amoxsnaT amocana.

4  		 SeiZleba Tu ara mocemuli grafis uwyveti Semovla yovel wiboze 
mxolod erTxel gavliT da sawyis wertilSi dabrunebiT?

	 a)   		    b) 		

5  		 amoxseniT 42-e amocana im SemTxvevaSi, roca sawyis wertilSi da-
bruneba araa aucilebeli.

6  		 daasabuTeT, rom 6-kacian jgufSi yovelTvis moiZebneba 3 kaci, 
romelTagan TiToeuli icnobs danarCens, an 3 kaci, romelTagan TiTo
euli ar icnobs danarCens.

	  
miTiTeba. gamosaxeT kacebi raime wertilebiT, magaliTad, A, 

B, C, D, E, F. SeaerTeT nebismieri ori uwyveti wiriT (wiboTi), Tu 
isini icnoben erTmaneTs; an wyvetili wiboTi, Tu isini ar icnoben 
erTmaneTs.

7  		  vTqvaT, 6 qalaqi isea dakavSirebuli erTmaneTTan sarkinigzo da 
saavtomobilo gzebiT, rom TiToeuli maTganidan nebismier sxva qalaqSi 
SeiZleba an mxolod matarebliT Casvla, an — mxolod avtobusiT. 
yovelTvis SeirCeva Tu ara am eqvsi qalaqidan iseTi sami qalaqi, 
romelTa Semovla SeiZlebodes romelime erTi tipis transportiT 
(an avtobusiT, an — matarebliT)?

8  		 wveulebaze 6-ma megobarma moiyara Tavi. 
daasabuTeT, rom yovel momentSi arsebobs 
sami maTgani, romlebmac ukve CamoarTves 
xeli erTmaneTs, an jer ar CamourTmeviaT 
xeli erTmaneTisTvis.



23

9  		 sibrtyeze 6 wertilia mocemuli. maTgan arcerTi sameuli erT 
wrfes ar ekuTvnis. am wertilebis SemaerTebeli monakveTebi ori 
feriTaa warmodgenili — wiTeli da mwvane feriT. arsebobs Tu ara 
samkuTxedi, romlis gverdebi erTi feriTaa warmodgenili?

10  		  wesieri eqvskuTxedis yoveli wvero SeerTebulia yovel sxva 
wverosTan ori sxvadasxva `feris~ monakveTiT — wiTliT an cisfriT. 
daasabuTeT, rom moiZebneba samkuTxedi, romlis yvela gverdi erTi 
ferisaa.

11  		  WianWvela kubis formis WurWelSi SeZvra. SeZlebs Tu ara WianWvela 
Semoiaros kubis Tormetive wvero ise, rom mxolod wiboebis gaswvriv 
imoZraos (uwvetad) da, amasTanave, raime wiboze 2-jer ar gaiaros?

	
miTiTeba. SeadareT es amocana me-3 amocanas da gamoiyeneT iq 

arsebuli miTiTebebi.

12  		 gadavnomroT ricxviTi simravleebi: arauaryofiTi mTeli ricxvebi 
— I; mTeli ricxvebi — II; iracionaluri ricxvebi — III; arauaryofiTi 
racionaluri ricxvebi — IV; namdvili ricxvebi — V.

		  warmoadgineT orientirebuli grafiT sqema, romelic 
		  a) gviCvenebs Tqven mier saswavlo programiT am ricxvebis Seswav-

lis Tanamimdevrobas; 
		  b) gviCvenebs X klasSi am ricxviTi sistemebis gameorebis Tanamim

devrobas.

13  		 mocemulia oTxi wertili A(0; 1), B(1; 1), C(1; 0), D(0; 0). ra um-
ciresi odenobis monakveTebiT unda SevaerToT es wertilebi, rom 
mxolod am monakveTebis gaswvriv moZraobiT nebismieri wertilidan 
nebismier sxva wertilSi mosaxvedrad araumets 1,5 erTeulis sigrZis 
gzis gavla gvWirdebodes?

14  		 vTqvaT, avtomobiliT miemgzavrebiT Tbilisidan zugdidisken. Semo
Tavazebuli qalaqebidan SearCieT Sesaferisebi da ganalageT isini 
orientirebuli grafis wveroebSi Tqveni mogzaurobis Sesabamisad.

	   gori
abaSa
zestafoni
senaki
mcxeTa
quTaisi 
xaSuri
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15  		 gvaqvs sami doqi — rvalitriani 
(savse), xuTlitriani da samlitri-
ani (carielebi). rogori gadasxmebi 
unda movaxdinoT am WurWlebSi, 
rom rvalitriansa da xuTlitri-
anSi miviRoT 4-4 litri?

	

miTiTeba. SeiZleba gamoiyenoT grafi, romlis Sedgena ase iwyeba:

			   (8; 0; 0) → (3; 5; 0) → 

16  		  moifiqreT da daasaxeleT raime kanonzomiereba, romlis mixedviT 
SeiZleba mocemuli wveroebis mqone orientirebuli grafis Sedgena.

				    umaRlesi saswavlebeli
	 sabavSvo baRi
									         pensia
			   skola
					     saxelmwifo samsaxuri

17  		 moifiqreT raime kanonzomiereba romlis mixedviT aris dawyebuli 
am grafis Sedgena, Semdeg daasruleT grafi.

18  		  xuTi wertili wrewirzea ganlagebuli. ra umciresi odenobis mon-
akveTebiT unda davakavSiroT es wertilebi, rom yoveli maTganidan 
nebismier sxvaSi moxvedra gavlebuli monakveTebis gaswvriv moZrao-
bisas SeiZlebodes araumetes erT sxva mocemul wertilze gavlis 
saSualebiT?
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gavixsenoT rekurentuli formula, romliTac (a
n
) ariTmetikuli progresia 

moicema:

					     a
n+1

=a
n
+d,  nÎN.			    (1)

ariTmetikuli progresiis yoveli wevri, dawyebuli meoredan, miiReba 

winasagan erTi da imave d ricxvis (progresiis sxvaobis) mimatebiT. (1) formulaze 
dayrdnobiT SevniSneT is kanonzomierebac, rac ariTmetikuli progresiis 
wverebisTvis arsebobs:

					     a
n
=a

1
+d(n-1), nÎN; 		 (2)

anu, Tu (a
n
) ariTmetikuli progresiis sxvaoba aris d, maSin a

n
 _ am progresiis 

n-uri wevri (2) formuliT gamoiTvleba.

es debuleba aRvniSnoT A(n)-iT. 

A(1), A(2), A(3), A(4)-is WeSmaritoba niSnavs, rom (2) formula sworia, roca n=1, 

n=2, n=3, n=4. SeamowmeT, rom A(1), A(2), A(3) debulebebi WeSmaritia.

A(4)-is WeSmaritoba SeiZleba A(3)-is WeSmaritobidan miviRoT:

a
4
=a

3
+d=a

1
+2d+d=a

1
+3d.

A(4)-is WeSmaritobidan ki SeiZleba miviRoT A(5)-is WeSmaritoba:

a
5
=a

4
+d=a

1
+3d+d=a

1
+4d.

axla vaCvenoT, rom Tu WeSmaritia A(k), maSin WeSmaritia A(k+1)-ic.

a
k+1

=a
k
+d=a

1
+d(k-1)+d=a

1
+dk-d+d=a

1
+dk=a

1
+d(k+1-1). 

amrigad, miviReT, rom A(5) WeSmaritobidan gamomdinareobs A(6)-is WeSmaritoba, 

A(6)-s WeSmaritobidan _ A(7)-s WeSmaritoba da a. S. A(n)-is WeSmaritoba emyareba  
e. w. maTematiuri induqciis princips:

vTqvaT, A(n) aris winadadeba, romelSic n naturaluri ricxvia da

.  A(n) WeSmaritia, roca n=1,

. A(n)-is WeSmaritobidan, roca n=k (k nebismieri naturaluri ricxvia) 

gamomdinareobs misi WeSmaritoba momdevno n=(k+1)-sTvisac, maSin A(n) 

WeSmaritia nebismieri n naturaluri ricxvisTvis.
CamoTvlili ori piroba mokled SeiZleba ase CavweroT:

. A(1) WeSmaritia,

. A(k) Þ A(k+1), anu A(k)-s WeSmaritobidan gamomdinareobs A(k+1)-is WeSmaritoba.
damtkicebis xerxs, romelic emyareba maTematikuri induqciis princips, 

ewodeba damtkiceba maTematikuri induqciis meTodis gamoyenebiT. 

1.3 maTematikuri induqciis meTodi

magaliTi 

maTematikuri induqciis meTodis gamoyenebiT daamtkiceT, rom, Tu h aris 

-1-ze meti nebismieri namdvili ricxvi, maSin nebismieri naturaluri n-isTvis
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					     (1+h)n³1+nh.	  		  (1)

(1) toloba aRvniSnoT A(n)-iT.

1. A(1) WeSmaritia, radgan

					     (1+h)1=1+h³1+h.

2. davamtkicoT A(k) Þ A(k+1), kÎN,  anu  davamtkicoT, rom

					     (1+h)k³1+kh 			   (2)
utolobidan gamomdinareobs 

					     (1+h)k+1³1+(k+1)h 		  (3)
utoloba.

pirobis Tanaxmad, 1+h>0. amitom (2)-is orive mxares (1+h)-ze gamravlebiT 
miviRebT:

					     (1+h)k+1³(1+kh)(1+h),

					     (1+h)k+1³1+kh+h+kh2.

radgan kh2³0, amitom

					     (1+h)k+1³1+(k+1)h.
maSasadame, meore moTxovnac Semowmebulia, amitom debuleba nebismieri 

n-isTvis aris WeSmariti.

SevajamoT: 	 gavecaniT debulebaTa dasabuTebis axal meTods _ maTemati-
kuri induqciis meTods.

		  maTematikuri induqciis meTodis gamoyenebis procesi ori 
nawilisgan Sedgeba.

		  a) A(n) debulebis Semowmeba, roca n=1.

		  b) A(k) Þ A(k+1)-is Semowmeba (A(k)-s WeSmaritobidan gamomdin-

areobs  A(k+1)-is WeSmaritoba).

		  Tu orive nawili Catarebulia, A(n) debuleba nebismieri  

n-isTvis aris WeSmariti.

s
		  sityva induqcia berZnuli sityvaa da niSnavs `miyvanas~ _ induqcia 

WeSmaritobamde miyvanis xerxia. magaliTad, vakvirdebiT ra kerZo 

SemTxvevebs _ a
2
=a

1
+d, a

3
=a

1
+2d, ..., a

10
=a

1
+9d, vakeTebT daskvnas _ 

a
n
=a

1
+d(n-1). induqciis gamoyenebis pirveli magaliTebi Zveli saberZneTis 

mecnierTa (VI-IV saukune Z.w.a) SromebSia aRmoCenili.
		  induqcias, induqciur msjelobas (kerZo SemTxvevebze dayrdnobiT 

zogadi daskvnis gamotanas) xSirad Secdomebamdec mivyavarT. magaliTad, 

naturalur ricxvTa pirvel aTeulSi 4 martivi ricxvia (2, 3, 5, 7), meore 
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aTeulSic _ 4 martivi ricxvia _ (11; 13; 17; 19). am faqts zogierTi mihyavs 
induqciur daskvnamde _ Semdeg aTeulSic oTxi martivi ricxvia, rac 
swori ar aris.

		  frangi maTematikosi pier ferma (XVII saukune) ganixilavda ricxvebs:

		  22
1

+1=5, 		  22
2

+1=17,		  22
3

+1=257,		  22
4

+1=65537,

		  5, 17, 257, 65537 martivi ricxvebia.

		  fermam gamoTqva varaudi: nebismieri n naturalur ricxvisTvis 22
n

+1 
martivi ricxvia. es hipoTeza induqciiTaa miRebuli da mxolod ramdenime 
SemTxvevis ganxilvis Sedegs efuZneba. es daskvna mcdari aRmoCnda. eilerma 

kontrmagaliTs miagno _ 22
n

+1, roca n=5, Sedgenili ricxvia, igi iyofa 
641-ze.

1  		 vTqvaT, (a
n
) mimdevrobis n-uri wevri aris pirveli n naturaluri 

ricxvis jami. maSin a
4
=

			   1) 6 		  2) 15 		  3) 21 		  4) 10.

2  		  fibonaCis mimdevrobis yoveli wevri, dawyebuli mesamedan wina ori 
wevris jamis tolia; am mimdevrobis pirveli da meore wevrebi 1-is tolia. 

ra rekurentuli formuliT moicema n-uri wevri, roca n³3?

		  1) a
n
=a

n+1
+a

n+2
 		  2) a

n
=a

n-1
+a

n+1

		  3) a
n
=a

n-1
+a

n-2
 		  4) a

n+1
=a

n
+a

n+2
.

3 	 mocemulia: S
n 
=

1

1·2
+

1

2·3
+....+

1

n(n+1)
.

	 risi tolia S
5
?

		  1) 1

1·2
+

1

2·3
+

1

3·4
 				    2)  1

1·2
+

1

2·3
+

1

3·4
 + 1

4·5

		  3)  1

1·2
+

1

2·3
+

1

3·4
 + 1

4·5
+

1

5·6
 		  4) 1

2·3
+

1

3·4
 + 1

4·5
+

1

5·6
 

4 	 Tu a
n
=

n2(n+1)2

4
, maSin a

n+1
=

		  1) n2(n+1)2

4
+1 	 2) n

2(n+2)2

4
 	 3) (n+1)4

4
 	 4) (n+1)2(n+2)2

4
.

a

SearCieT swori pasuxi
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5 	 Tu S
n
=

n(n+1)(2n+1)

6
, maSin S

n+1
=

		  1)   (n+1)(n+2)(2n+3)

6
 		  2)   n(n+1)(2n+1)

6
+1

		  3)   (n+1)2(2n+1)

6
 			  4)   n(n+2)(2n+1)

6

6  	 mocemulia: a
k
=

5

k(k+1)
; maSin a

k+1
=

		  1)   5

(k+1)2
		   2)   5

k(k+1)
+1 		 3)   5

(k+1)(k+2)
 		 4)   5

(k+1)(k+2)
 +1

7  	 Tu S
k
=

k

2
(3k-1), maSin S

k+1
=

		  1)   k

2
(3k+2) 	 2)   k

2
(3k+2)+1	 3)   k

2
(3k-1)+1	 4)   k+1

2
(3k+2)

8  	 Tu S
k
=

1

(k+1)(k+3)
,  maSin S

k+1
=

		  1)   1

(k+2)(k+4)
 		  2)   1

(k+2)(k+4)
+1

		  3)   1

(k+1)(k+3)
+1		  4)   1

(k+1)(k+4)

9  		  gamoiyeneT maTematikuri induqciis meTodi da daamtkiceT, rom (a
n
) 

geometriuli progresiis n-uri wevri moicema formuliT:

		  a
n
=a

1
qn-1, q aris progresiis mniSvneli.

10 		  (a
n
) mimdevroba mocemulia rekurentuli wesiT: a

1
=1, a

n+1
=(n+1).a

n
, nÎN.

	 SeecadeT aRmoaCinoT savaraudo formula a
n
-isTvis (n-uri wevris for

mula) da Semdeg maTematikuri induqciis meTodiT daamtkicoT misi 
WeSmaritoba.

11  		  (a
n
) mimdevroba mocemulia rekurentuli wesiT:

				    a
1
=1, a

n+1
=(n+3)a

n
, nÎN.

		  ipoveT n-uri wevris formula.

amoxseniT amocanebi
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12  gamoiyeneT maTematikuri induqciis meTodi da daasabuTeT:

	 a) 1+3+5+ ... +(2n–1)=n2;

	 b) 1+2+3+ ... +n=
n(n+1)

2
;

	 g) 12+22+32+ ... +n2=
n(n+1)(2n+1)

6
;

	 d) 3+7+11+15+ ... +(4n–1)=n(2n+1);

	 e) Tu (a
n
) ariTmetikuli progresiaa, maSin misi n wevris jami gamoiT-

vleba formuliT S
n
=

2a
1
+d(n-1)

2
·n (CavTvaloT, rom S

1
=a

1
); 

	 v) Tu (b
n
) geometriuli progresiaa, maSin

	 • misi n wevris jami (roca q≠1) gamoiTvleba formuliT

			   S
n
=

b
1
(qn-1)

q-1
.

	 • ra formuliT gamoiTvleba S
n
, roca q=1?

	

miTiTeba. S
n+1

=S
n
+b

n+1
=S

n
+b

1
qn=

b
1
qn-b

1
+b

1
qn+1-b

1
qn

q-1
=

b
1
qn+1-b

1

q-1
.

13 	  ipoveT jami:

		  a) 1

1·2
+

1

2·3
+

1

3·4
+...+

1

n(n+1)
;

	

miTiTeba. 	 SeiZleba Tu ara ivaraudoT, rom aRniSnuli jamia 

S
n
=1–  1

n+1
= n

n+1
? mis aRmoCenaSi dagexmarebaT S

n
-is aseTi 

warmodgena

		  S
n
=(1– 1

2 )+( 1

2
- 1

3 )+...+( 1

n
- 1

n+1).

		  b) 1

1·3
+

1

3·5
+

1

5·7
+...+

1

(2n–1)(2n+1)
.

	 gamoiyeneT wina amocanis miTiTeba.

14  daasabuTeT, rom nebismieri naturaluri n ricxvisTvis:

		  a) 1·2+2·3+3·4+ ... +n(n+1)=n(n+1)(n+2)

3
;

		  b) 1·4+2·7+3·10+ ... +n(3n+1)=n(n+1)2;

		  g) 1+4+7+10+ ... +(3n–2)= n

2
(3n–1).
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15  		  daasabuTeT, rom mcdaria winadadeba: `nebismieri naturaluri n 
ricxvisTvis n2+11n iyofa 6-ze~.

16  		 daasabuTeT, rom nebismieri naturaluri n-isTvis 7n–1 iyofa 6-ze.

	

amoxsna.    a) Tu n=1, maSin 7n–1=7–1=6 da debuleba WeSmaritia am 
SemTxvevaSi;

		  b) vTqvaT, 7k–1 iyofa 6-ze, maSin SevamowmoT, rom 7k+1–1 
iyofa 6-ze.

			   7k+1–1=7k·7–1=7k·7–1+7–7=7(7k–1)+6.

		  daSvebis Tanaxmad 7k–1 iyofa 6-ze, amitom (7k+1–1)-ic 
iyofa 6-ze. maSasadame, nebismieri n naturaluri ricxvisTvis 
7n–1 iyofa 6-ze.

17  		 maTematikuri induqciis meTodis gamoyenebiT daasabuTeT, rom 
nebismieri naturaluri n ricxvisTvis 

		  a) 33n+2+24n+1 aris 11-is jeradi;

		  b) 4n+15n–1 aris 9-is jeradi;

		  g) 72n–1 aris 48-is jeradi.

18*  	 vTqvaT, j
n
 aris fobinaCis mimdevrobis n-uri wevri, maSin

	 	 	 	 	 	 j
1
=1, j

2
=1 			   (1)

	 	 	 	 	 	 j
n+2

=j
n
+j

n+1
, nÎN. 		  (2)

	 a) 	 • aris Tu ara fibonaCis mimdevroba geometriuli progresia?

		  • SeecadeT ise SearCioT q ricxvi, rom j
n
=qn-1 akmayofilebdes (2) 

tolobas (sworad Catarebuli msjelobiT Tqven ipoviT aseTi q-s or 

mniSvnelobas: q
1
=1+√5

2
, q

2
=1-√5

2
. amrigad, j′

n
=qn-1 da j″

n
=qn-1 akmayofilebs 

(2) tolobas).

		  • aCveneT, rom (2) tolobas akmayofilebs agreTve

 					     j
n
=C

1 
j′

n 
+C

2 
j″

n 
,  n∈N, C

1
∈R, C

2
∈R.

		  • aCveneT, rom

	 	 	 	 	 j
n
=

1

√5 ((1+√5
2 )

n

-(1-√5
2 ) 

n

) 		  (3)

		  warmogvidgens fibonaCis mimdevrobis n-ur wevrs, anu akmayofilebs (1) 
da (2) tolobebs.

		  b) maTematikuri induqciis meTodiT daamtkiceT, rom (3) formuliT 

warmodgenilia fibonaCis mimdevrobis n-uri wevri.
		  damtkicebisas xelsayrelia gamoiyenoT maTematikuri induqciis 

principi, romelic Semdegnairadaa formulirebuli:
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		  • Tu A(n) winadadeba WeSmaritia, roca n=1 da

		  • nebismierad SerCeuli k-Tvis A(n)-is WeSmaritobidan yoveli n£k-Tvis 

gamomdinareobs A(n)-is WeSmaritoba, roca n=k+1, maSin A(n) WeSmaritia 

nebismieri naturaluri n-sTvis.

19*  	daasabuTeT, rom nebismieri n∈N-Tvis 
		  a) 32n+2–8n–9 aris 64-is jeradi;

		  b) 7n+2+82n+1 aris 19-is jeradi;

		  g) 7n+2+82n+1 aris 57-is jeradi.

20*  		 daasabuTeT:  Tu sibrtyeze gavlebulia n wrfe, romelTagan 	
arc erTi ori ar aris paraleluri da arc erTi sami ar gadis erT 	

wertilze, maSin sibrtye am wrfeebiT iyofa 1+ n(n+1)

2
 nawilad.

	
	

	

miTiTeba.	 I faza: n=1. erTi wrfe sibrtyes or nawilad hyofs;  

1+ 1·(1+1)

2
=2.

	 II faza: gadasvla k-dan (k+1)-ze. 

	

vTqvaT, k wrfiT sibrtye 

iyofa 1+ k(k+1)

2
 nawilad. 

	vTqvaT, gavlebulia (k+1) 

cali wrfe. erT-erTi iyos (k+1)-e. pirveli k wrfe sibrtyes 

hyofs 1+ k(k+1)

2
 nawilad (garkveulobisTvis maT k-uri nawilebi 

vuwodoT). (k+1)-e wrfe yvela danarCen n wrfes kveTs da maSa-
sadame, igi am k wrfiT (k+1) nawilad iyofa.
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j
		  qvemoT `damtkicebulia~ debulebebi maTematikuri induqciis meTo-

dis araswori gamoyenebiT. SeecadeT aRmoaCinoT Secdoma.

1  		 ar arsebobs ricxvTa sasruli simravle, romelic Seicavs gansxvave
bul ricxvebs. 

		  `damtkiceba~. vTqvaT, n=1. debuleba WeSmaritia — ar arsebobs 
erTelementiani simravle, romelSic gansxvavebuli ricxvebia. vTq-
vaT, Teorema WeSmaritia, roca n=k. aviRoT raime simravle, romelic 
Sedgeba k+1 elementisgan — a

1
, a

2
, ..., a

k
. radgan Teorema WeSmaritia, 

roca n=k, amitom a
1
=a

2
=a

3
= ... =a

k
. imave pirobis Tanaxmad, a

2
=a

3
= ... 

=a
k+1

. maSasadame, a
1
=a

2
= ... =a

k+1
.

		  • ra Secdoma davuSviT?

2  		  yoveli naturaluri ricxvi tolia misi momdevno naturaluri 
ricxvisa.

		  `damtkiceba~. vTqvaT, Teorema WeSmaritia, roca n=k. rac imas 
niSnavs, rom k=k+1. vaCvenoT, rom maSin Teorema WeSmaritia, roca 
n=k+1, anu, k+1=k+2. igi ki gamomdinareobs tolobidan k=k+1.

		  • ra Secdomaa am msjelobaSi?

3 		  yvela biWi erTi da imave simaRlisaa.

		  damtkiceba: Tu n=1, Teorema, cxadia, WeSmaritia. vTqvaT, Teorema 
WeSmaritia, roca n=k — yoveli k odenobis biWi toli simaRlisaa. 
gadavnomroT biWebi ricxvebiT: 1, 2, 3, ..., k, k+1. induqciis daSvebis 
Tanaxmad, biWebi nomrebiT 1, 2, 3, ..., k toli simaRlisani arian. meores 
mxriv, biWebi nomrebiT 2, 3, 4, ..., k, k+1 toli simaRlisani arian. ma-
Sasadame, yvela biWi toli simaRlisaa.

		  • sad davuSviT Secdoma?
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usasrulod mcire mimdevrobis ganxilva daviwyoT magaliTebiT. vTq-

vaT, (a
n
) da (b

n
) mimdevrobebi mocemulia n-uris wevris formulebiT: a

n
= 2

n
,  

b
n
=(-1)n+12

n
. am mimdevrobebidan TiToeuls aseTi Tviseba aqvs:

1.4 usasrulod mcire da usasrulod didi mimdevrobebi

nebismieri dadebiTi ε ricxvisTvis arsebobs mimdevrobis wevri, romlis 
momdevno yoveli wevris moduli naklebia ε-ze. es niSnavs, rom (a

n
) da (b

n
) 

usasrulod mcire mimdevrobebia.

daakvirdiT am mimdevrobebis geometriul gamosaxvebs:

			   		

sakoordinato sibrtyeze gamosaxuli (n; a
n
) da (n; b

n
) wertilebis ordi-

natebi, Sesabamisad, (a
n
) da (b

n
) mimdevrobebis wevrebia.

axla igive mimdevrobebi ricxviT wrfeze gamovsaxoT 

		

			 

ricxviT wrfeze gamosaxulia 		  am ricxviT wrfeze gamosaxulia 

wertilebi: a
1
=2, a

2
=1; a

3
=

2

3
, 		  wertilebi: b

1
=2; b

2
= –1; b

3
=

2

3
; 

a
4
=

1

2
; a

5
=

2

5
; a

6
=

1

3
.				    b

4
= – 1

2
; b

5
=

2

5
; b

6
= – 1

3
.

vTqvaT, ε=
1

4
, maSin ukve merve wevris momdevno yoveli wevris moduli 

(orive mimdevrobaSi) naklebia 1

4
-ze, sakoordinato sibrtyeze Sesabamisi 

wertilidan abscisaTa RerZamde manZili naklebia 1

4
-ze, xolo ricxviT 

wrfeze Sesabamisi wertilidan saTavemde manZili naklebia 1

4
-ze.

• vTqvaT, ε=
1

50
. romeli wevris Semdeg Sesruldeba piroba: |a

n
|<

1

50
?

• vTqvaT, ε=
1

100
; romeli wevris Semdeg Sesruldeba piroba: |b

n
|<

1

100
?

• gaixseneT da aRwereT is magaliTi, romelic erTeuli monakveTis Tanami
mdevrul dayofas exeba — yoveli Semdegi monakveTis sigrZe winas naxevaria.
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• SeadgineT miRebuli monakveTebis sigrZeTa 
mimdevroba. warmoadgens Tu ara is usasrulod 
mcire mimdevrobas?

suraTze oTxi erTeulis sigrZis gverdis mqone kvadratis 
dayofis procesia warmodgenili. yovel etapze darCenili 
nawilis ganaxevreba xdeba.

• dawereT im ricxvTa mimdevroba, romlebic aRniSnuli wesiT miRebul 
figuraTa farTobebs gamosaxaven.

• imsjeleT — aris Tu ara es mimdevroba usasrulod mcire?

axla usasrulod mcire mimdevrobis erTi mniSvnelovani Tviseba aRvniS-
noT: usasrulod mcire mimdevroba SemosazRvruli mimdevrobaa.

(a
n
) mimdevrobas ewodeba SemosazRvruli, Tu arsebobs iseTi M 

ricxvi, rom mimdevrobis yoveli wevris moduli naklebia M-ze — 
|a

n
|<M, n∈N.

arsebobs SemosazRvruli mimdevrobebi, romlebic usasrulod mcire ar 
aris.

magaliTad, a) c
n
=4+

3

n2+1
 da b) d

n
=(–1)n mimdevrobebi ar aris usasrulod 

mcire. 

marTlac, Tu n≥1, maSin 3

n2+1
>0, amitom c

n
>4, n∈N  — mimdevroba ar 

aris usasrulod mcire, meore mxriv n2+1>1 nebismieri n∈N-Tvis; 1

n2+1
<1;  

3

n2+1
<3; 4<4+

3

n2+1
<7, nebismieri n∈N-sTvis — es (c

n
)-is SemosazRvrulobas 

niSnavs.

(d
n
) mimdevrobis wevrebis modulebi 1-ze naklebi ar aris, amitom (d

n
) ar 

aris usasrulod mcire mimdevroba. amasTanave, |d
n
|=1 — rac (d

n
)-is Semosaz-

Rvrulobas niSnavs.

Tu (a
n
) da (b

n
) mimdevrobebi usasrulod mcire mimdevrobebia, ma-

Sin am mimdevrobaTa jami, anu (a
n
+b

n
) usasrulod mcire mimdevrobaa:

magaliTad,

		  1; 0,1; 0,01; 0,001; 0,0001; ... 		  a
n
=101-n;

		  0,3; 0,03; 0,003; 0,0003; 0,00003; ... 	 b
n
=3·10-n

usasrulod mcire mimdevrobebia; maTi jami — 

		  1,3; 0,13; 0,013; 0,0013; 0,00013; ... 	 (a
n
+b

n
)=13·10–n

usasrulod mcire mimdevrobaa.

1
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Tu (a
n
) usasrulod mcire mimdevrobaa, (k

n
) SemosazRvruli mimdev-

robaa, maSin (k
n
·a

n
) ((a

n
) da (k

n
) mimdevrobebis namravli) usasrulod 

mcire mimdevrobaa. 
kerZod, or usasrulod mcire mimdevrobaTa namravli usasrulod 

mcire mimdevrobaa.

suraTze warmodgenili A
1
B

1
C

1
D

1
 marTkuTxedis 

gverdebis sigrZeebi a
1
 erTeuli da b

1
 erTeulia. aqve 

warmodgenilia am marTkuTxedis gverdebis ganaxevrebiT 
miRebuli marTkuTxedi da es procesi grZeldeba — Tu 
ase miRebuli erTi raime marTkuTxedis gverdebia a

k
 

da b
k
, maSin misgan miRebuli marTkuTxedis gverdebia 

a
k

2
 da b

k

2
, es ricxvebi a

k+1
-iTa da b

k+1
-iTaa aRniSnuli. 

amrigad, am wesiT miiReba ricxvTa ori mimdevroba (a
n
) da (b

n
). isini rom 

usasrulod mcire mimdevrobebia, advilad darwmundebiT (gamoiyeneT maTema-

tikuri induqciis meTodi da aCveneT rom a
n
=

a
1

2n-1
, b

n
=

b
1

2n-1
. es gagiiolebT 

dasabuTebas). usasrulod mcirea maTi namravlic — (a
n
·b

n
) mimdevroba, anu 

marTkuTxedebis farTobebis mimdevroba.

usasrulod mcire (a
n
) mimdevrobisa da raime a ricxvis namravli 

(a·a
n
) usasrulod mcire mimdevrobaa.

2

magaliTi 1

magaliTi 2

visargebloT imiT, rom ( 1

n ) usasrulod mcire mimdevrobaa da vaCvenoT, 

rom ( 1

n2 ) usasrulod mcire mimdevrobaa.

gvaqvs: 1

n2
= 1

n
 · 1

n
. maSasadame, ( 1

n2 ) aris ori usasrulod mcire mimdev-

robis namravli, amitom usasrulod mcire mimdevrobaa.

	 vaCvenoT, rom ( n

n2+5 ) usasrulod mcire mimdevrobaa.

gvaqvs: 

			   n

n2+5
= 1

n
· n2

n2+5
.

Tu n≥1, maSin n2

n2+5
<1. maSasadame, ( n2

n2+5 ) SemosazRvruli mimdevrobaa. 
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a

SearCieT swori pasuxi

(1

n) usasrulod mcire mimdevrobaa. amrigad, ( n

n2+5 ) usasrulod mcire 

mimdevrobaa.

SevajamoT: 	 visaubreT usasrulod mcire da usasrulod did mimdevro-
bebze; warmovadgineT usasrulod mcire mimdevrobaTa zogi-
erTi Tviseba.

1  		 Tu (a
n
) usasrulod didi mimdevrobaa da nebismieri naturaluri 

n-isTvis a
n
≠0, maSin ( 1

an
)

		  1) usasrulod didi mimdevrobaa 
		  2) ar aris SemosazRvruli mimdevroba 
		  3) ar aris usasrulod mcire mimdevroba 
		  4) usasrulod mcire mimdevrobaa.

2  ( 1

n ) mimdevroba

		  1) usasrulod didi mimdevrobaa 
		  2) ar aris SemosazRvruli mimdevroba 
		  3) usasrulod mcire mimdevrobaa 
		  4) ar aris usasrulod mcire mimdevroba.

3  ( 1

n2 ) mimdevroba

		  1) usasrulod mcire mimdevrobaa 

axla usasrulod didi mimdevroba aRvweroT:

• `(a
n
) usasrulod didi mimdevrobaa~ niSnavs: ( 1

an
) usasrulod mcire 

mimdevrobaa. vgulisxmobT a
n
≠0, n∈N.

• gamoiyeneT usasrulod mcire mimdevrobaTa magaliTebi, romlebic am 
paragrafSi aris miTiTebuli da moiyvaneT usasrulod didi mimdevrobebis 
magaliTebi.
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		  2) ar aris SemosazRvruli mimdevroba 
		  3) usasrulod didi mimdevrobaa 
		  4) ar aris usasrulod mcire mimdevroba.

4  (n2) mimdevroba
		  1) usasrulod mcire mimdevrobaa 
		  2) usasrulod didi mimdevrobaa 
		  3) ar aris usasrulod didi mimdevroba
		  4) SemosazRvruli mimdevrobaa.

5  vTqvaT, k nebismieri naturaluri ricxvia, maSin 1k, 2k, 3k, ... , anu (nk)

		  1) usasrulod didi mimdevrobaa 
		  2) usasrulod mcire mimdevrobaa 
		  3) ar aris usasrulod didi mimdevroba 
		  4) SemosazRvruli mimdevrobaa.

6  ( n2+5

n )
		  1) usasrulod mcire mimdevrobaa 
		  2) ar aris usasrulod didi mimdevroba 
		  3) SemosazRvruli mimdevrobaa 
		  4) usasrulod didi mimdevrobaa.

7  mocemulia mimdevrobebi:

	 a) (1+(-1)n

n2 ); 	 b) ( n

n+10 ); 		  g) (3n+5

2n-1 ); 		  d) ( n-1

n ).
	 maTgan usasrulod mcire mimdevrobaa
		  1) b) 		  2) g) 		 3) d) 		 4) a).

8  		 gamoiyeneT maTematikuri induqciis meTodi da daasabuTeT, rom 

yoveli naturaluri k ricxvisTvis 1

1k
; 1

2k
; 1

3k
; 1

4k
; ..., anu ( 1

nk ) mim-

devroba usasrulod mcire mimdevrobaa.

9  		  vTqvaT, mocemulia mimdevrobebi: (α
n
) da (β

n
). amasTanave, nebismieri 

naturaluri n ricxvisTvis β
n
≠0 da |α

n
|≤|β

n
|.

		  • daasabuTeT, rom ( n
n

) mimdevroba SemosazRvruli mimdevrobaa.

		  • daasabuTeT, rom, Tu (β
n
) usasrulod mcire mimdevrobaa, maSin 

(α
n
) usasrulod mcire mimdevrobaa.

amoxseniT amocanebi
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10*  		  mocemul mimdevrobaSi miuTiTeT wevri, romlis moduli ar aris 

naklebi 1

100
-ze, misi momdevno yvela wevris moduli ki naklebia  

1

100
-ze:

		  a) a
n
=

2n+5

3n2-2
; 		  b) a

n
=

100

√n+1
; 		  g) a

n
=

3-n

5n2+6
.

11  		 daasabuTeT, rom warmodgenili TiToeuli mimdevroba usasrulod 
mcire mimdevrobaa:

		  a) ( 6

n
- 4

3n2
+ 7

8n3 ); 		  b) ( 1

n(n6+2) ); 		  g) ( 3

(2n+1)2
+ 1

(n+2)2); 
		  d) ( 5

(n+4)5 ); 			   e) ( 5n+9

n(n+2) ).

12  		  mocemulia mimdevrobebi:  a
n
= 1

n2
,  b

n
= 1

n
,  c

n
= 2

n2
.

	 daasabuTeT:

		  a) ( a
n

bn
) mimdevroba usasrulod mcire mimdevrobaa;

		  b) ( a
n

cn
) mimdevroba ar aris usasrulod mcire mimdevroba.

13  		 vTqvaT, (a
n
) da (b

n
) mimdevrobebis jami — (a

n
+b

n
) — usasrulod 

mcire mimdevrobaa. gamomdinareobs Tu ara aqedan, rom aucileblad 
(a

n
) da (b

n
) mimdevrobebi usasrulod mcire mimdevrobebia?

14  		  vTqvaT, ori mimdevrobis namravli usasrulod mcire mimdevrobaa. 
gamomdinareobs Tu ara aqedan, rom TiToeuli es mimdevroba usas-
rulod mcire mimdevrobaa?

15 		  daasabuTeT, rom ori usasrulod didi mimdevrobis namravli us-
asrulod didi mimdevrobaa.

16  		 daasabuTeT, rom, Tu (b
n
) usasrulod didi mimdevroba da nebism-

ieri n-isTvis |a
n
|≥|b

n
|, maSin (a

n
) mimdevroba usasrulod didia.

	
miTiTeba.	 SeiZleba gamoiyenoT me-9 amocanaSi warmodgenili 

debuleba.

17  		 daasabuTeT, rom, Tu (a
n
) da (b

n
) usasrulod didi mimdevrobebia 

iseTi, rom nebismieri naturaluri n-isTvis a
n
·b

n
>0, maSin (a

n
+b

n
) usas-

rulod didi mimdevrobaa.
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miTiTeba.	 mocemul SemTxvevaSi |a

n
+b

n
|=|a

n
|+|b

n
|≥|a

n
|.

18  daasabuTeT, rom mocemuli mimdevroba usasrulod didi mimdevrobaa:

		  a) (√n3 ); 		  b) (n3+10n2); 		 g) ((–1)n·n); 		

		  d) 1+n+n5

5-2n+n4
; 	 e) (5n–n3); 		

		  v) (2n-n5

4-n3 ); 	 	 z) (√n+1+√n ).

19  		 gaixseneT am paragrafSi ganxiluli marTkuTxe-
dis mcire marTkuTxedebad dayofis magaliTi 
da daadgineT: aris Tu ara usasrulod mcire 
mimdevroba am marTkuTxedebis: 

		  a) perimetrebis mimdevroba;

		  b) diagonalebis mimdevroba?

20  		 vTqvaT, (a
n
) da (b

n
) usasrulod didi mimdevrobebia. aris Tu ara 

usasrulod didi mimdevroba am mimdevrobaTa jami?

		  pasuxi daasabuTeT.

21*  		 mocemulia usasrulo mimdevrobis pirveli aTi wevri: 2; 5; 2; 6; 2; 
7; 2; 8; 2; 9. aRmoaCineT raime kanonzomiereba da mis mixedviT war-
moadgineT mimdevrobis kidev ramdenime wevri. aris Tu ara miRebuli 
mimdevroba: 

		  a) SemosazRvruli;		
		  b) usasrulod didi?

22*  		 wina amocanaSi miRebuli mimdevroba aRniSneT (a
n
)-iT. aris Tu ara 

( 1

an
) mimdevroba: 

		  a) SemosazRvruli;

		  b) usasrulod mcire?

1  Tema: Tu |q|<1, maSin (qn) usasrulod mcire mimdevrobaa.

	 ganixileT jgufebSi q-s sxvadasxva mniSvneloba:

		  a) q= 1

5
; b) q= 1

4
; g) q= 1

6
; d) q= 1

7
.

	 • warmoadgineT mimdevrobis ramdenime sawyisi wevri.

j
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		  • q-s mocemuli mniSvnelobisTvis ipoveT α>0 ricxvi, romlisTvisac 

1

|q|
=1+α (magaliTad, Tu q= 1

6
, α=5).

		  • gaixseneT bernulis utoloba da daasabuTeT, rom (1+α)n≥1+nα>nα 
(magaliTad, (1+5)n≥1+5n).

		  • SeadareT mocemuli q-sTvis qn mimdevroba raime usasrulod 
mcire mimdevrobas.

		  • gamoiyeneT me-9 amocanaSi warmodgenili debuleba.

		  • CaatareT msjeloba nebismieri q (|q|<1) ricxvisTvis.

2 	  Tema: mimdevrobis geometriuli warmodgenebi. 

	 mocemulia (d
n
) mimdevroba, d

n
= (-1)n-14

n
, n∈N.

	 	 • ipoveT am mimdevrobis pirveli 5 wevri.

	 	 • sakoordinato sibrtyeze moniSneT wertilebi: 
(n; d

n
), roca  n=1, 2, 3, 4, 5.

	 	 • ipoveT im naturaluri n ricxvebis simravle, 
romlebisTvisac (n; d

n
) wertilebi ekuTvnis sakoor-

dinato sibrtyeze –0,3≤y≤0,6 utolobiT gansazRvrul 
zols.
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1) bevri movlena bunebaSi 
periodulad meordeba — drois 
erTi da imave Sualedis gav
lis Semdgom ubrundeba sawyis 
mdgomareobas _ periodulad 
meordeba .  uZveles droSive 
SeamCnia adamianma, rom caze 
varskvlavTa ganlageba yovel-
dRiurad meordeba; dedamiwaze 
periodulad, Tanamimdevrulad 
icvleba weliwadis oTxi dro, 
ufro xangrZlivi dakvirve-
bebis Sedegad aRmoCnda, rom 
periodulad, drois garkveul 
monakveTebSi meordeba mzisa da 
mTvaris dabnelebebi.

akustikaSi Seiswavlian drekadi talRebis warmoSobasa da gavrcelebas, 
rac ZiriTadad periodul rxevebs ukavSirdeba.

fiziologebi gulis ritmul cemas Seiswavlian, 
biologebi — mocemuli saxeobis cxovelTa odenobis 
periodul cvlilebebs. saerTod, mecnierebisa da 
teqnikis yvela sferoSi Seiswavleba periodulad 
mimdinare movlenebi. gamorCeuli yuradRebiT am 
mxriv dedamiwa da mTeli kosmosi Seiswavleba. aq 
mimdinare procesebs adamianis cxovrebisTvis didi 
mniSvneloba aqvs.

gaixseneT mendeleevis mier 1869 wels aRmoCenili 
kanonzomiereba — qimiur elementTa Tvisebebi periodul damokidebulebaSia 
maTi atombirTvebis muxtebTan.

mniSvnelovania perioduloba xelov-
nebaSi; arqiteqturuli Zeglis silamaze 
xSirad raime detalis an detalebis er-
Tobliobis periodul gameorebasTan aris 
dakavSirebuli. musikaSi meordeba xolme 
bgeraTa Serwyma, melodia da amiT Zlier-
deba musikaluri nawarmoebis mxatvruli 
zemoqmedeba, ornamentebSi — erTi da imave 
figuris perioduli gameorebebiT axleburi, 
saintereso efeqti miiRweva.

periodul gameorebaTa kanonzomierebebis aRmoCena da dasabuTeba maTe-
matikuri amocanebis amoxsnaSi gvexmareba xolme. 

magaliTad, vipovoT 21000-is bolo cifri. am amocanis amosaxsnelad ufro 
zogadi amocana SeviswavloT: 2-is naturaluri xarisxebis bolo cifrebis 
(erTeul52Ta Tanrigis cifrebis) mimdevrobis Tvisebebi ganvixiloT. 

1.5 perioduli procesebi da perioduli funqciebi
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amovweroT am mimdevrobis ramdenime sawyisi wevri:

			   2, 4, 8, 6, 2, 4, 8, 6, 2, 4, ...

— pirvelad meordeba oriani, Semdeg gameorebas iwyebs Semdegi cifrebi 
— 4, 8, 6 da a. S. ratom xdeba es gameorebebi? imitom, rom 2-is nebismieri 
xarisxis mxolod bolo cifri gansazRvravs momdevno xarisxis bolo cifrs; 
maSasadame, erTi cifris gameoreba iwvevs meore cifris gameorebas da, ma-
Sasadame, yoveli momdevno cifris gameorebas. ase vRebulobT periods — 
am mimdevrobis nawils or gameorebas Soris. radgan SevZeliT da aRvwereT 
periodulobis kanonzomiereba, amitom SegviZlia ganvsazRvroT 21000-is bolo 
cifric — 6. amocanis amosaxsnelad `perioduli mimdevrobis~ Tvisebebi 
SeviswavleT.

2) sxvadasxva perioduli procesis aRwera da Seswavla maTematikis ga-
moyenebiT xdeba, ZiriTadad — perioduli funqciebis gamoyenebiT. wina 
nawilSi ganxiluli mimdevroba perioduli funqciis erTi kerZo SemTxvevaa.

f funqcias ewodeba perioduli, Tu arsebobs nulisgan gansxvavebuli 
iseTi l ricxvi, rom yoveli x-isTvis f-is gansazRvris aridan, x–l da x+l 
ricxvebic ekuTvnis gansazRvris ares da gvaqvs toloba

			   f(x)=f  (x+l). 				    (1)

l ricxvs f funqciis periodi ewodeba.

• maSasadame, Tu f aris perioduli funqcia l periodiT, maSin f-is gansa-
zRvris are Tavis yovel x-Tan erTad Seicavs wertilebs, romlebic miiReba 
x-isgan paraleluri gadataniT a (l; 0) an a (–l; 0) veqtorebiT, anu — para-
leluri  gadatanebiT OX RerZis gaswvriv |l| manZiliT (marjvniv da marcxniv) 
funqciis gansazRvris are Tavis Tavze aisaxeba.

• SeamowmeT, rom (1) tolobidan, Tu masSi x-is nacvlad CavsvamT (x–l)-s, 
miviRebT 

				    f (x–l)=f (x).

Tu f funqcia periodulia da misi periodi aris l ricxvi, maSin am fun-
qciis periodia nl ricxvic, sadac n nebismieri mTeli ricxvia. maSasadame, f 
funqcias uamravi periodi aqvs; marTlac,

			   f (x+2l)=f (x+l+l)=f (x+l)=f (x),

			   f (x+3l)=f (x+2l+l)=f (x+2l)=f (x),

			   f (x–2l)=f (x–2l+2l)=f (x),

da a. S. Tu l
1
 da l

2
 periodebia, maSin l

1
+l

2
 da l

1
–l

2
 ricxvebic periodebia.

imedia ar gagiWirdebaT imis Cveneba, rom, Tu l periodis mqone perio-
duli funqciis gansazRvris ares ekuTvnis raime x ricxvi, maSin x+nl 

(n∈Z) ricxvebic ekuTvnis am funqciis gansazRvris ares.

SevniSnoT, rom, Tu f funqcia mudmivia, anu misi mniSvnelobebi erTi da 
imave ricxvis tolia, maSin nulisgan gansxvavebuli nebismieri ricxvi am 
funqciis periodia.

Tu f funqciis umciresi dadebiTi periodi aris l, maSin misi grafi-
kis asagebad sakmarisia, jer SevarCioT l sigrZis raime ricxviTi Sualedi  
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(magaliTad, SeiZleba [0; l] an [- l

2
; l

2 ] Sualedebis ganxilva) da avagoT 

grafiki am Sualedis D(f) simravlesTan TanakveTaze (D(f) — funqciis gan-
sazRvris area).

grafikis sxva nawilebi miiReba am nawilis paraleluri  gadataniT  
a (l; 0), a (–l; 0), a (2l; 0) da a. S., anu a

(nl; 0) saxis veqtorebiT, sadac n nebismieri 
mTeli ricxvia.

suraTze mocemulia erT-erTi perio-
duli funqciis (misi periodia 4) grafiki. 
sawyis Sualedad SerCeulia [0, 4], Semdeg 
ki grafikis es nawili `meordeba~ parale-
luri gadatanebiT. 

gavixsenoT ricxvis mTeli da wiladi nawilebi. x ricxvis mTeli nawili 
ewodeba mTel ricxvs, romelic metia (x–1)-ze da ar aRemateba x-s (anu 
udidesi mTeli ricxvi, romelic ar aRemateba x-s). x ricxvis mTeli nawili 
[x]-iT aRvniSneT. magaliTad, [9,8]=9; [–4,5]= –5, x ricxvis wiladi nawili 
ewodeba x ricxvisa da misi mTeli nawilis sxvaobas; mas ase aRvniSnavT: 
{x}. amrigad, {x}=x–[x]. 

magaliTad,  {4,5}=0,5,  {–4,8}=0,2,  {9}=0.  marTlac {4,5}=4,5–4=0,5;  

{–4,8}= –4,8–(–5)=0,2; {9}=9–9=0.

y={x} funqcia perioduli funqciis magaliTia. nebismieri mTeli ricxvi 
am funqciis periodia. umciresi dadebiTi periodi 1-is tolia.

grafikis warmosadgenad SevniSnoT, 
rom, roca 0≤x<1, maSin {x}=x; roca x=1, 

{x}=0.

suraTze gamoyofilia am funqciis 
grafikis nawili — [0, 1) Sualedze age-
buli. (es nawili y=x wrfeze mdebareobs). 
am nawilis paraleluri gadatanebiT a

(n; 0) saxis veqtorebiT (n∈Z) miiReba y={x} funqciis grafiki.

• daasaxeleT am funqciis mniSvnelobebi x=k (k∈Z) wertilebSi.

• ra wrfeze mdebareobs funqciis grafikis is nawili, romelic agebulia 
[–1; 0) Sualedze, [1; 2) Sualedze?

• Rebulobs Tu ara funqcia uaryofiT mniSvnelobebs?

• aqvs Tu ara funqcias udidesi mniSvneloba, umciresi mniSvneloba (Tu 
aqvs daasaxeleT)?

• aRwereT is `naxtomi~, rac axasiaTebs funqciis grafiks, x-is mTel 
wertilebze `gavlisas~.

SevajamoT: 	 warmodgenilia perioduli funqciis cneba, perioduli fun-
qciis magaliTi — y={x}; {x} aris x ricxvis wiladi nawili. 
es funqcia gansazRvrulia namdvil ricxvTa R simravleze — 
yovel x namdvil ricxvs SevusabamebT mis wilad nawils; fun-
qciis mniSvnelobaTa simravle aris [0; 1) Sualedi. funqciis 
umciresi dadebiTi periodi 1-is tolia.

y

-3 -2 -1 1 2 3 x
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periodi _ (aramaTematikuri mniSvnelobiT) drois garkveul monakveTsac 

aRniSnavs xolme, metwilad maSin, roca es monakveTi erTi raime niSniTaa 

gamorCeuli. magaliTad, vityviT xolme: `omis periodSi~ (omis dros), an 

`swavlis periodSi~.

perioduli _ is rac garkveuli periodis (SesaZloa, drois monakveTis) 

Semdeg Cndeba an meordeba. magaliTad, perioduli wvimebi, perioduli gamocemebi, el-

ementTa perioduli sistema.

Cveni

leqsikoni

		 yoveldRiur cxovrebaSi Tu raime xSirad 
meordeba, mas perioduls uwodeben xolme — 
gameoreba ki SeiZleba miaxloebiTi iyos. maga-
liTad, mzis aqtivobis perioduloba. cxadia, 
mzeze movlenebi zusti periodulobiT rom 
gamoirCeodes, maTi winaswarmetyveleba advi-
li iqneboda. asevea perioduli gamocemebic. 
magaliTad, gazeTi xom xSirad yoveldRiurad 

ar gamodis, miT umetes, teqstebic sxvadasxvaa. periodulobis zusti 
magaliTebi mxolod maTematikaSi gvaqvs.

1  [7,5]=

	 1) 7 			   2) 8 		  3) 7,5 	 4) 7,6.

2  {7,4}=

	 1) 0,6 		  2) 0,4 	 3) 7 		  4) 8.

3  [–7,5]=

	 1) –8 		  2) –7 		 3) –9 		 4) 0,5.

4  {–8,3}=

	 1) 0,3 		  2) –0,3 	 3) 0,7 	 4) –0,7.

5  mocemulia Tanafardobebi:

	 a) x–1<[x]≤x;	 	 b) [x]>x; 	 g) 0≤{x}<1; 	 d) {x}=1.

s

a

SearCieT swori pasuxi
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	 maTgan WeSmaritia
	 1) b 		  2) mxolod g) 	 3) d) 		 4) a) da g).

6  Tu [x]=5, maSin
	 1) 5≤x<6 	 2) x<5 	 3) x>6 	 4) x=4.

7  Tu [x]=–3, maSin
	 1) x<–3 	 2) x= –4 	 3) –3≤x<–2 	 4) –4≤x<–3.

8  		 sawyobidan maRaziaSi x t tvirTia gadasa-
tani 5 t tevadobis avtomanqanebiT. sakmarisi 
avtomanqanebis odenoba ar SeiZleba iyos 

	 1) [ x

5 ] 		  2) x

5
 	

	 3) [ x

5 ]+1 		  4) [ x

5 ]–1.

9  nebismieri x ricxvisTvis [x]+{x}=

	 1) 2x 	 2) x 		  3) 3x 		 4) –x.

amoxseniT amocanebi

10  ipoveT [x], Tu 

	 a) x=0,25; 	 b) x= –0,31; 		  g) x=3
1

9
; 		  d) x=5; 

	 e) x= –4
8

9
; 	 v) x= –7; 		  z) x= –12,4.

11  ipoveT {x}, Tu 

	 a) x=0,39; 	 b) x= –0,43; 		  g) x= –4
1

7
; 		  d) x=5

4

9
; 	

	 e) x=7; 	 v) x=1,41; 		  z) x= –2,97.

12  miuTiTeT x-is ramdenime mniSvneloba, romlisTvisac {x}= 1

2
.

13  		 vTqvaT, f perioduli funqciaa, misi periodia l; x
0
 ar ekuTvnis am 

funqciis gansazRvris ares. daasabuTeT, rom funqciis gansazRvris 
ares ar ekuTvnis x

0
+nl, n∈Z saxis arc erTi ricxvi.

14  daasabuTeT:

		  a) perioduli funqciis gansazRvris are Seicavs uamrav ricxvs 
(dadebiTsac da uaryofiTsac); 
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		  b) perioduli funqcia yovel Tavis mniSvnelobas Rebulobs argu-
mentis uamravi mniSvnelobisTvis;

		  g) Tu f (x) funqcia gansazRvrulia R simravleze da periodulia l 

periodiT, maSin g(x)=f (ax) funqciis periodia l

a
 (a≠o);

		  d) Tu l
1
 da l

2
 aris y=f(x) funqciis periodebi, maSin nebismieri 

mTeli k-sa da n-isTvis, kl
1
+kl

2
 am funqciis periodia.

15  		 gaixseneT funqciebi, romlebic gasul wlebSi SeiswavleT (magali-

Tad, wrfivi funqcia, kvadratuli funqcia, y= k

x
 (k≠0) funqcia). aris 

Tu ara romelime maTgani perioduli funqcia? pasuxi daasabuTeT.

16  		 gaixseneT funqciis Tvisebebi, romlebic gasul wels SeiswavleT 
(zrdadoba, klebadoba, funqciis nulebis arseboba). ra Tvisebebi 
SeiZleba hqondes (an ar hqondes) periodul funqcias? pasuxi daas-
abuTeT (magaliTad, Tu f periodulia, SeiZleba Tu ara, rom f(x)=a 
gantolebas hqondes nulebis sasruli odenoba?).

17  		 gavixsenoT, rom yovel t namdvil ricxvs R
0

t 
mobrunebiT  SevusabameT P

0
(1; 0) wertilis t 

radianis toli kuTxiT mobrunebiT miRebuli 
P

t
 wertili. P

t
 wertils ki misi x

t
 koordinati 

SevusabamoT — miviReT funqcia (mocemuli 
asaxvebis kompozicia), romelic yovel t namdvil 
ricxvs x

t
-s Seusabamebs. imsjeleT am funqciis 

periodulobis Sesaxeb. ganixileT, analogiurad, 
funqcia t → y

t
 (y

t
 aris P

t
 wertilis ordinati) 

da imsjeleT misi Tvisebebis Sesaxeb.

18  ganixileT y=[x] funqciis Tvisebebi da aageT misi grafiki.

19  x-is ra mniSvnelobebisTvisaa WeSmariti Tanafardoba: 

	 a) x+
1

3
=

1

2
; 		  b) 3x-2

1

4
=

2

3
; 		  g) 2x+

2

5
=

1

3
?

	

miTiTeba.	 b) 3x-2
1

4
= 3x-

1

4
,	 3x-

1

4
=

2

3
+k (k mTeli ricxvia), 

		  3x= 1

4
+ 2

3
+k,	 x=11

36
+ k

3
, k∈Z.

 

20*  		 SeecadeT grafikebis agebis saSualebiT ipovoT 2{x}=1–  x

2
 gan-

tolebis fesvebis odenoba.
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21  		 suraTze perioduli funqciebis grafikebis fragmentebia mocemuli. 
gamoTqviT TiToeul SemTxvevaSi funqciis SesaZlo periodis Sesaxeb 
Tqveni varaudi.

	 a) 					     		  b) 	 	
	   	  	    

	

   

			    g) 
			      

22  		 aageT ornamenti suraTze warmodgenili moxatu-
lobis orjer marjvniv gadataniT — TiTo-TiTo 
erTeuliT da, analogiurad, marcxniv gadatanebiT 
TiTo erTeuliT.

23  		 aageT im perioduli funqciis grafiki, rom-
lis periodia 2, xolo grafikis nawilia suraTze 
warmodgenili wiri.

24  		 funqciis periodi aris 5-ic da 8-c. aris Tu 
ara am funqciis periodi 1?

25  		  funqciis periodi aris 24-ic da 36-ic. aris Tu ara am funqciis 
periodi 12?
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ornamenti _ (laTinuri _ ornamentum) mxatvruli, grafikuli, an skulpturuli 

samkauli, romelic, metwilad, Sedgeba geometriuli figurebis, an mcenaree-

bis, cxovelebis, .... gamosaxulebebisgan; ornaments CuqurTmasac uwodeben.Cveni

leqsikoni

1  		 airCieT raime Tema da imsjeleT xelovnebaSi, mecnierebis raime 
dargSi (magaliTad, meteorologiaSi, biologiaSi an astronomiaSi) 
periodulobisa da misi mniSvnelobis Sesaxeb.

2  		 gamoiyeneT qimiis saxelmZRvanelo da imsjeleT qimiur elementTa 
perioduli sistemis Sesaxeb — nivTierebaTa Tvisebebis perioduli 
gameorebebis, periodis, periodSi metaluri Tvisebebis cvlilebebis 
kanonzomierebebis Sesaxeb.

3  		 imsjeleT maTematikaSi perioduli funqciebis Sesaxeb. kerZod, 
vTqvaT, f(x) aris A simravleze gansazRvruli perioduli funqcia, g(x) 
ki raime B simravlezea gansazRvruli. pirvelis periodia l

1
, meorisa 

— l
2
. iqneba Tu ara yoveli aseTi ori funqciisTvis f(x)+g(x) funqcia 

perioduli? iqneb arc ki iyos aseTi funqcia gansazRvruli? iqneba 
moifiqroT ramdenime nimuSi iseTi ori funqciisa, romlebisTvisac 
f(x)+g(x) perioduli funqciaa. imsjeleT aseTi saxis funqciis perio-
dis Sesaxeb — ra kavSirSia is l

1
 da l

2
 periodebTan?

proeqti
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am paragrafSi gavimeorebT sakiTxebs geometriuli gardaqmnebis Sesaxeb, 
gaviRrmavebT codnas am mimarTulebiT. 

1) RerZuli da centruli simetriebis Sesaxeb

saubari kvlav praqtikuli amocanebis ganxilviT daviwyoT.

vTqvaT, gzatkecili da sarwyavi arxi 450-ze naklebi kuTxiT ikveTeba. 
am kuTxis SigniT dasaxlebuli punqtia. saWiroa am punqtidan rac SeiZleba 
naklebi sigrZis gza gaviyvanoT, romelic jer arxis napirs uerTdeba, Sem-
deg — gzatkecils.

am amocanis maTematikuri modelis Seqmnas win 
uZRvis garkveuli daSvebebi — punqti A wertiliTaa 
warmodgenili, arxi — a wrfiT, gzatkecili — b 
wrfiT.

axla ukve SeiZleba maTematikis gamoyeneba. ker-
Zod, avagebT a wrfis mimarT A wertilis simetriul 
B wertils  (gavixsenoT: A wertilze gavavlebT a-s 
marTobul wrfes da masze, wrfeTa gadakveTis M 
wertilidan, gadavdebT MA-s tol MB monakveTs). 
amrigad, a wrfe AB monakveTs Sua wertilSi kveTs 
da misi marTobulia. Semdeg B wertilidan b wrfeze (gzatkecilze) davuSve-
bT BC marTobs. D wertili — BC-s a-sTan gadakveTis wertili — saZiebeli 
wertilia: gza unda gaviyvanoT A-dan D-sken, Semdeg — D-dan C-sken. a wrfis 
nebismieri sxva E wertilidan b wrfemde da A wertilamde manZilebis jami 
tolia AEK texilis sigrZis, romelic, Tavis mxriv, aRemateba AD+DC=BC 
manZils (AE+EK manZili BEK texilis sigrZis tolia, is ki BC marTobis 
sigrZes aRemateba).

suraTebi dagexmarebaT gaixsenoT sibrtyeze Rer-
Zuli simetriis Tvisebebi: vTqvaT, S

l
 aris RerZuli 

simetria l RerZis mimarT. S
l
 aris sibrtyis Tavis 

Tavze iseTi asaxva, roca sibrtyis yovel A wertils 
Seesabameba l RerZis mimarT simetriuli S

l
(A) wertili 

(l RerZis yoveli K wertilis simetriuli wertili 
TviT K wertilia). suraTze warmodgenilia RerZuli 
simetriis Tviseba — RerZuli simetria aris moZra-
oba — sibrtyis Tavis Tavze asaxva, roca wertilebs 
Soris manZili ar icvleba — AB=A

1
B

1
.

• am suraTze warmodgenilia F da F' figurebi, 
romelTagan TiToeuli miiReba meorisgan l wrfis 
mimarT RerZuli simetriiT — moZraobis erTi kerZo 
SemTxveviT. aseTi F da F' figurebi tolia.

1.6 vagrZelebT geometriuli gardaqmnebis  
Tvisebebis Seswavlas

A

K

B

l
A

1

B
1
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• suraTze gamosaxuli ABC samkuTxedi simetriu-
lia l wrfis mimarT A'B'C' samkuTxedis, A kuTxe A' 
kuTxis simetriulia, B kuTxe — B' kuTxis, C kuTxe 
— C' kuTxis, AB monakveTi — A'B'-is, AC — A'C'-is, 
BC — B'C'-is, amitom 

			   ∠A=∠A', ∠B=∠B', ∠C=∠C', 

			   AB=A'B', AC=A'C', BC=B'C'.

amrigad, 
				    ∆ABC=∆A'B'C'. 

RerZuli simetriisas zogierTi sidide ar icvleba. magaliTad, kuTxis 
sidide da monakveTis sigrZe. isini RerZuli simetriis invariantuli (ucv-
leli) sidideebia. 

ra SeiZleba Seicvalos RerZuli simetriisas? magaliTad, vTqvaT, amave 
ABC samkuTxedis Semovlis mimarTuleba A → B → C TanamimdevrobiT ganisa-
zRvra — aseTi Semovla saaTis isris moZraobis sawinaaRmdego mimarTulebiT 
moZraobisas xdeba. maSin ABC samkuTxedis simetriuli A'B'C' samkuTxedis 
Semovlis mimarTuleba A, B, C wveroebis saxeebis mixedviT: A' → B' → C' 
gvaZlevs saaTis isris moZraobis mimarTulebiT Semovlas. ganxiluli maga-
liTi aris kerZo SemTxveva aseTi zogadi debulebisa: RerZuli simetriisas 
orientacia icvleba.

suraTze warmovadgenT simetrias y RerZis mimarT da 
simetrias x RerZis mimarT; pirveli simetria koordina-
tebiT ase Caiwereba (M

1
(x

1
;y

1
) simetriulia M(x;y) wertilis 

y RerZis mimarT):

			   x
1
= –x,		 y

1
=y.

simetria x RerZis mimarT ase Caiwereba (M
2
(x

2
; y

2
) 

simetriulia M
1
(x

1
; y

1
)-is x RerZis mimarT):

	 		  x
2
=x

1
,		  y

2
= –y

1
.

am RerZul simetriaTa kompozicia (TanamimdevrobiT 
Catarebuli simetriebi y da x RerZebis mimarT) aris 

centruli simetria koordinatTa saTavis mimarT. 
M

3
(x

3
; y

3
) wertili simetriulia M(x; y) wertilis saTavis mimarT —

				     x
3
= –x

				     y
3
= –y.

sibrtyeze nebismieri O wertilis mimarT centruli si-
metria aris asaxva, romelic am sibrtyis yovel A wertils 
Seusabamebs O wertilis mimarT mis simetriul A' wertils 
— O wertili AA' monakveTis Sua wertilia.

suraTze gamosaxulia centruli simetriis erTi mniSvne-
lovani Tviseba — Tu A' aris simetriuli A wertilis, B — 
B'-is, maSin A'B'=AB — centruli simetria moZraobaa. asec 
vambobT xolme: centruli simetriisas manZilebi ar icvleba. 
O wertilis mimarT centruli simetriisas O wertils igive O 
wertili Seesabameba, O wertili centruli simetriis uZravi 
wertilia.

M
3
(x

3
; y

3
)
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• aqvs Tu ara centrul simetrias kidev erTi uZravi wertili?

• aqvs Tu ara RerZul simetrias 2 uZravi wertili?

• ra figuraa RerZuli simetriis uZravi wertilebis simravle?

• geometriul figuraTa TqvenTvis cnobili ra Tvisebebi (ra sidideebi) 
ar icvleba (invariantulia) am gardaqmnebis dros? gaixseneT isini da, imedia, 
ar gagiWirdebaT am kiTxvebze pasuxebis gacema. amasTanave, SevniSnoT, rom 
RerZuli simetria sibrtyis moZraobis erTaderTi kerZo saxea, romelsac 
ori sxvadasxva uZravi wertili aqvs. sibrtyis moZraoba, romelsac aqvs sami 
uZravi wertili da es wertilebi erT wrfes ar ekuTvnis, igivuri asaxvaa.

SevajamoT: 	 warmodgenilia moZraobis ori kerZo SemTxveva — centruli 
da RerZuli simetriebi sibrtyeze.

orientacia (franguli orientation-idan damkvidrda, rac Tavdapirvelad aR-

mosavleTze mimarTuls niSnavda, laTinurad oriens _ aRmosavleTi) _

1. sivrceSi adgilmdebareobis garkveva.

2. garemomcvel pirobebSi, raime sakiTxebSi garkveva, gaTviTcnobiereba.

3. sazogadoebrivi, politikuri, saganmanaTleblo da sxva saxis moRvaweobis 

gaSla garkveuli mimarTulebiT. magaliTad, skolaSi swavleba moswavleze unda iyos 

orientirebuli.

invarianti, invariantuli sidide (franguli _ invariant) _ sidide, romelic ucvleli 

rCeba ama Tu im gardaqmnis mimarT.

Cveni

leqsikoni

1  		 daasabuTeT sxvadasxva xerxiT centruli da RerZuli simetriis 
Tvisebebi.

2  		 miuTiTeT am geometriul gardaqmnaTa invariantebi — geometriul 
figuraTa Tvisebebi, romlebic ar icvleba.

1. rogor asaxvas ewodeba wertilis (wrfis) mimarT simetria?

2. rogor asaxvas ewodeba moZraoba?

3. ra SemTxvevaSi ewodeba raime figuras mocemuli wertilis (wrfis)

mimarT simetriuli figura?

j
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1  		 rombs aqvs
	 1) simetriis 2 RerZi 			   2) simetriis 3 RerZi 
	 3) simetriis 4 RerZi			   4) simetriis 5 RerZi.

2  		 kvadrats aqvs
	 1) simetriis mxolod 2 RerZi		 2) simetriis mxolod 3 RerZi
	 3) simetriis 4 RerZi			   4) simetriis 5 RerZi.

3  		 wrewirs aqvs
	 1) simetriis mxolod 2 RerZi		 2) simetriis mxolod 3 RerZi
	 3) simetriis mxolod 4 RerZi 	 4) simetriis uamravi RerZi.

4  		 marTkuTxeds aqvs
	 1) simetriis mxolod 2 RerZi		 2) simetriis mxolod 1 RerZi 
	 3) simetriis 4 RerZi			   4) simetriis 5 RerZi.

5  		 vTqvaT, M(x; y) wertili aris M(2; –3) wertilis simetriuli x Rer-
Zis mimarT, maSin

	 1) x=–2, y= –3 		  2) x= –2, y=3 	

	 3) x=2, y=3 		  4) x=2, y= –3.

6  		 vTqvaT, M(x; y) wertili aris M(–3; 5) wertilis simetriuli koor-
dinatTa saTavis mimarT, maSin

	 1) x= –3, y=5 	 2) x= –3, y= –5 	 3) x=3, y=5 		 4) x=3, y= –5.

7  		 tolgverda samkuTxeds aqvs 
	 1) simetriis mxolod erTi RerZi 		
	 2) simetriis mxolod ori RerZi 
	 3) simetriis sami RerZi 			 
	 4) simetriis oTxi RerZi.

amoxseniT amocanebi

8  		 aqvs Tu ara simetriis RerZi: 
	 a) wrfes (Tu aqvs, ramdeni)?		  b) monakveTs (Tu aqvs, ramdeni)?

9  		  l wrfe aris mocemuli Sekruli texilis simetriis 
RerZi. romeli gverdebis waSlis Semdeg miRebuli 
figuris simetriis RerZi iqneba kvlav l wrfe?

a

SearCieT swori pasuxi
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10  		 B' wertili aris B(–5; 7) wertilis simetriuli I da III sakoordinato 
kuTxeebis biseqtrisebze gamavali wrfis mimarT; ipoveT B' wertilis 
koordinatebi.

11  		 daasabuTeT, rom, Tu B'(x', y') wertili simetriulia B(x; y) werti-
lis I da III sakoordinato kuTxeebis biseqtrisebze gamavali wrfis 
mimarT, maSin x'=y; y'=x.

12  		 mocemuli wertilebidan 
	 (–1; 5), (3; –2), (0; 0), (5; 1), (1; –5), (7; 0), (–3; 2), (1; 5), (3; –2), 
	 (0; 7), (5; –1), (–2. 3); (4; 0), (0; 4), (2; 1), (1; –10), (3; 2) SearCieT:
	 a) wertilebi, romlebic simetriulia OX RerZis mimarT;

	 b) wertilebi, romlebic simetriulia OY RerZis mimarT;

	 g) wertilebi, romlebic simetriulia koordinatTa saTavis mimarT;

	 d) wertilebi, romlebic simetriulia I da III meoTxedebis sakoordi-
nato kuTxeebis biseqtrisebze gamavali wrfis mimarT.

13  		  mocemulia ori toli samkuTxedi — ∆ABC da 
∆AB'C'.

		  ∠BAC da ∠B'AC', ∠B da ∠B', ∠C da ∠C' toli 
kuTxeebia. samkuTxedebi sxvadasxva orientaciisaa, 
ABC-s Semovla (A → B → C mimarTulebiT) AB'C'-is 
Semovlis mimarTulebis sawinaaRmdegod xdeba. 

	 daasabuTeT, rom arsebobs RerZuli simetria ABC 
samkuTxedisa A'B'C'-ze.

	
miTiTeba.	 ganixileT simetria BAB' kuTxis biseqtrisis Semcveli 

wrfis mimarT. am simetriis dros B aisaxeba B'-
ze, C aisaxeba C'-ze. marTlac, Tu C aisaxa C'-sgan 
gansxvavebul C''-ze, maSin gveqneba: A'B'C' da AB'C'' 
toli samkuTxedebia, sxvadasxvaa da erTnairadaa 
orientirebuli, rac SeuZlebelia.

 

14  		 wrfe mocemulia gantolebiT: ax+by+c=0 (a2+b2≠0). dawereT im wiris 
gantoleba, romelic: 

	 a) simetriulia am wrfis OX RerZis mimarT; 
	 b) simetriulia am wrfis OY RerZis mimarT; 
	 g) simetriulia am wrfis I da III sakoordinato kuTxeebis biseqtrise-

bze gamavali wrfis mimarT; 
	 d) koordinatTa saTavis mimarT.

	
miTiTeba.	 gamoviyenoT OX RerZis mimarT RerZuli simetriis 

formulebi:

			    x'=x,			    x=x' 

			    y'= –y,		   y= –y'.
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	 ax+by+c=0-dan gvaqvs ax'–by'+c=0.

amrigad, RerZuli simetriiT OX RerZis mimarT ax+by+c=0 gan-
tolebiT mocemuli wrfe aisaxeba ax–by+c=0 gantolebiT mocemul 
wrfeze.

15  		 ipoveT im wrfis gantoleba, romelic simetriulia y=2x+3 wrfis:
	 a) OX RerZis mimarT; 
	 b) OY RerZis mimarT; 
	 g) I da III sakoordinato kuTxeebis biseqtrisebis Semcveli wrfis 

mimarT; 
	 d) koordinatTa saTavis mimarT.

16  		 y=2x+b da y=kx–7 wrfeebi simetriulia OY RerZis mimarT. ipoveT 
b da k.

17  		 aris Tu ara mocemuli funqciis grafiki simetriuli OY RerZis 
mimarT: 

	 a) y=|x|; 		  b) y=x; 	 g) y=x2; 	 d) y=x2+1; 
	 e) y=(x–1)2; 		 v) y=x2+2; 	 z) y=x2+x; 	 T) y=|x–2|?

18  		 ra RerZuli simetriiT SeiZleba miviRoT y=x, y=2x+3, y=ax2+bx+c, 

a≠0 funqciebis grafikebidan, Sesabamisad, y=|x|, y=|2x+3|, y=|ax2+bx+c| 
funqciebis grafikebi?

19  		  cnobilia, rom A wertilidan wamosuli sinaT-
lis sxivi airekleba MN zedapiridan da gadis B 
wertilSi. MN-is ra wertilSi xvdeba A-dan wamo-
suli sxivi?

	

miTiTeba.	 gamoiyeneT Tviseba: ∠AKM=∠BKM (K sinaTlis sxivis 
dacemis wertilia).

20  		 S wertilidan moCans AB auzSi areklili 
qarxnis CD milis nawili. rogor gavigoT 
— milis ra nawili airekleba auzSi?

	

miTiTeba.	 aageT CD-s simetriuli AB wrfis mimarT da gaavleT 
SA da SB sxivebi.

21*  daasabuTeT, rom ∆ABC=∆A
1
B

1
C

1
, Tu AC=A

1
C

1
, ∠A=∠A

1
, AB–BC=A

1
B

1
–B

1
C

1
.
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miTiTeba.	 SemogTavazebT amocanis amoxsnis gzas, romelic 
simetriis gamoyenebas eyrdnoba. vigulisxmebT, rom 
AB>BC. gaavleT B da B

1
 kuTxeebis biseqtrisebi da ga

nixileT simetriebi am biseqtrisebis Semcveli wrfe
ebis mimarT, am simetriebis dros gvaqvs: 

				    C → C', C
1 
→ C

1
', BC'=B

1
C

1
'.

maSin AC'=A
1
C

1
', ∠A=∠A

1
, AC=A

1
C

1
 da ∆AC'C=∆A

1
C

1
'C

1
. amitom arsebobs 

moZraoba, romliTac AC'C samkuTxedi aisaxeba A
1
C

1
'C

1
-samkuTxedze 

(CC' wrfe aisaxeba C
1
C

1
' wrfeze, K wertili — K' wertilze, CC'-is 

SuamarTobi — C
1
C

1
'-is SuamarTobze. 

maSasadame, B aisaxeba B
1
-ze. amrigad, ∆ABC=∆A

1
B

1
C

1
. analogiurad 

amoixsneba es amocana, roca AB<BC.

calke ganixileT umartivesi SemTxveva: AB=BC.

axla SeecadeT es amocana simetriis gamoyenebis gareSec amoxsnaT.

22  		 vTqvaT, B da B' wertilebi AC wrfis sxvadasxva mxares mdebareobs, 
amasTanave, ∠BAC=∠B'AC da AB–BC=AB'–B'C. daasabuTeT, rom B da B' 
wertilebi simetriulia AC wrfis mimarT.

23*  		 vTqvaT, Z
0
 aris centruli simetria O wertilis mimarT da 

Z
o
(A)=A'. l

1
 wrfe gadis O wertilze da A

1
=S

l1
(A) (A

1
 aris A werti-

lis simetriuli l
1
 wrfis mimarT). l

2
 aris A' da A

1
-is wertilebis 

simetriis RerZi.

		  daasabuTeT, rom A'A
1
||l

1
; l

1
⊥l

2
 da O∈l

2
.

24  		  aRwereT, rogor SeiZleba warmovadginoT centruli simetria ori 
RerZuli simetriis kompoziciiT.

25  		 arsebobs Tu ara 
	 a) wrfe, romelic centruli simetriiT Tavis Tavze aisaxeba; 
	 b) sxivi, romelic centruli simetriiT Tavis Tavze aisaxeba; 
	 g) wertili, romelic centruli simetriiT Tavis Tavze aisaxeba?

26  		 vTqvaT, X da X' wertilebi O(a, b) centris mimarT simetriuli 
wertilebia.

	 a) daasabuTeT, rom OX= –OX'; (1)

	 b) dawereT koordinatebiT (1) veqtoruli toloba da gamosaxeT X' 
wertilis koordinatebi X wertilis koordinatebiT.
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2) paraleluri gadatana 

gavixsenoT, rom sibrtyis wertilTa urTierTcalsaxa Sesabamisoba, romelsac 
paraleluri gadatana vuwodeT, ase warmovadgineT: paraleluri gadatana 
aris asaxva, romliTac sibrtyis yvela wertili erTsa da imave manZilze, 
erTi da imave mimarTulebiT gadaadgildeba. yoveli T paraleluri gadatana 
savsebiT ganisazRvreba (anu sibrtyis yoveli wertilis saxe ganisazRvreba) 
Sesabamis wertilTa erTi raime (A; T(A)) dalagebuli wyvilis mocemiT, anu 

AB  veqtoris mocemiT, B=T(A). maSin sibrtyis yoveli X wertilis saxe aris 
is X' wertili, romlisTvisac gvaqvs:

				    XX ′= AB .	 				    (1)

am SemTxvevaSi asec vambobT: T aris paraleluri gadatana AB  veqtoriT. 

Tu AB =(a; b), maSin (1)  tolobidan miviRebT 

				    x'–x=a

				    y'–y=b,

anu, 
				    x'=x+a

				    y'=y+b.			   		  (2)

(2) formulebiT moicema T(X)=X'-is koordinatebi X-is koordinatebiT 
— asec vityviT xolme: paraleluri gadatana koordinatebiTaa mocemuli.

paraleluri gadatanis kerZo SemTxvevaa igivuri asaxva — roca AB = 0 , 

maSin 

				    x'=x

				    y'=y

da, maSasadame, yovel X(x; y) wertils amave X wertils vuTanadebT.

warmovadginoT paraleluri gadatanis ramdenime Tviseba:

a) Tu T aris paraleluri gadatana aranulovani AB  veqtoriT, 
maSin yoveli sxivi am paraleluri gadataniT TanamimarTul sxivze 
aisaxeba.

suraTze erT-erTi SemTxvevaa warmodgenili; Tu 
O'=T(O), maSin, m sxivis yoveli X wertilisTvis meore 
sxivze arsebobs X' wertili (X-is saxe) iseTi, rom 
gvaqvs: X'=T(X).

• ganixileT sxva SemTxvevebi (ra SemTxvevaSia es 
sxivebi erT wrfeze; ra SemTxvevaSia maTi TanakveTa 
sxivi, carieli simravle?)

• ra geometriul figuraze aisaxeba raime wrfe 
paraleluri gadatanisas?

• ra SemTxvevaSia mocemuli wrfe invariantuli paraleluri gadatanis 
mimarT?
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b) paraleluri gadatanis dros or wertils Soris manZili ar 
icvleba — paraleluri gadatana moZraobaa. monakveTis sigrZe in-
variantulia paraleluri gadatanis mimarT.

• SeecadeT daasabuToT es debuleba (2) formulebis gamoyenebiT.

• SeecadeT daasabuToT es debuleba veqtorebis gamoyenebiT.

g) paraleluri gadatanisas kuTxe aisaxeba kuTxeze; kuTxis sidide 
invariantulia paraleluri gadatanis mimarT.

• gamoiyeneT suraTze warmodgenili mocemuloba da 
mis mixedviT daasabuTeT, rom, Tu T(O)=O', maSin XOY 
kuTxe aisaxeba X'O'Y' kuTxeze. amasTanave, kuTxis sidide 
ar icvleba.

d) paralelur gadatanaTa kompozicia paraleluri gadatanaa.

AB  veqtoriT paraleluri gadatanisa da BC  veqtoriT paraleluri ga-

datanis kompozicia AC  veqtoriT paraleluri gadatanaa.

suraTze erT-erTi SemTxvevaa gamosaxuli.

AB  veqtoriT paraleluri gadatanis Sebrunebuli asaxva 

aris BA  veqtoriT paraleluri gadatana, rac imas niSnavs, 
rom am asaxvaTa kompozicia igivuri asaxvaa — sibrtyis 
yoveli wertili Tavis Tavze aisaxeba.

axla gavixsenoT, rom ori paraleluri RerZis mimarT simetriaTa kom-
pozicia paraleluri gadatanaa.

suraTze A'B'C' samkuTxedi miiReba 
ABC-sgan a wrfis mimarT RerZuli 
simetriiT (Seicvala samkuTxedze 
Semovlis mimarTuleba — orien-
tacia), A''B''C'' samkuTxedi miiReba 
A'B'C' samkuTxedisgan b wrfis mimarT 
RerZuli simetriiT (kidev erTxel 
Seicvala orientacia). sabolood 

A''B''C'' miiReba ABC-sgan 2PQ  (PQ⊥a) 
veqtoriT paraleluri gadatanisas (es faqti Cven ukve gvqonda ganxiluli). 
SeiZleba vTqvaT: RerZuli simetriisas icvleba orientacia, paraleluri 
gadatanisas orientacia ar icvleba. 
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SevajamoT: 	 ganvixileT kidev erTi geometriuli gardaqmna — paralelu-
ri gadatana, warmovadgineT misi Tvisebebi, invariantebi.

ganvixiloT praqtikuli amocana:
		  or dasaxlebul punqts Soris ori mdinare gadis. am mdinareebze 

xidebi mdinareTa napirebis marTobulad unda aigos ise, rom maTi 
gavliT A-dan B-Si umoklesi gziT movxvdeT.

	 	 am praqtikuli amocanis maTematikuri 
modelis Seqmna (maTematikurad Camoyali-
beba) Semdegi daSvebebiT iwyeba: pirveli 
mdinaris napirebs a da b paraleluri wrfe-
ebiT warmovadgenT, meore mdinarisas — c 
da d paraleluri wrfeebiT, dasaxlebul 
punqtebs — A da B wertilebiT.

	 	 suraTze PQ⊥a, RS⊥c. xidebis asaSeneblad 
K da M wertilebi ise unda SeirCes, rom 
KL||PQ, MN||RS da AKLMNB texilis sigrZe 
umciresi iyos am saxis texilebis sigr-
Zeebs Soris. A wertilidan B wertilSi 
mosaxvedrad gzis nebismierad dagegmvisas 
aucileblad mogviwevs PQ-s toli da misi 
paraleluri monakveTis gavla, agreTve, 

RS-is toli da misi paraleluri monakveTis gavla — aseTia xidebis 
agebis mocemuli wesi. ase rom, amocanis amoxsnis gamartivebis mizniT 
xelsayrelia Tavidanve ganvaxorcieloT ori paraleluri gadatana; 

jer T
1
, PQ  veqtoriT da Semdeg T

2
, RS  veqtoriT. vTqvaT, T

1
(A)=L' da 

T
2
(L')=N'. amrigad, SesarCevia umoklesi gza N'-dan B-Si. cxadia, virCevT 

wrfis monakveTs (N'B-s) — misi sigrZe ar aRemateba am wertilebis 
SemaerTebeli nebismieri texilis sigrZes. am monakveTisa da d wrfis 
gadakveTis wertilze vagebT MN xids, MN||L'N' da MN=L'N'. Semdeg, M-dan 
`gagvyavs~ gzis monakveTi N'B-s paralelurad. misi da b-s gadakveTis 
L wertilidan avagebT xids — KL-s, (KL||PQ) da K wertils vukavSirebT 
A wertils. cxadia, AK||N'B. amrigad, miRebuli AKLMNB texilis sigr
Ze umciresia A-sa da B-s mocemuli wesiT damakavSirebeli yvela sxva 
texilis sigrZeebs Soris.

	 1. ra Tvisebebi aqvs paralelur gadatanas?

	 2. paraleluri gadatanis mimarT ra invariantul sidideebs icnobT?

	 3. ra asaxvas warmoadgens ori paraleluri gadatanis kompozicia?

	 4. ra SemTxvevaSia ori paraleluri gadatanis kompozicia igivuri asaxva?

	 5. ra asaxvaa ori paraleluri wrfis mimarT RerZul simetriaTa kompo-
zicia?

s
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1  		 Tu paraleluri gadatana p (a; b) veqtoriTaa mocemuli da am asa-
xvisas M(x; y) wertils eTanadeba M'(x'; y') wertili, maSin aucileblad

	 1)  x=x'+a		  2)  x'=x+a		    3)	  x'=x		     4)	  x'=x+a

	     y=y'+b 		      y'=y+b			    y'=y+b		   y'=y.

2  		 Tu AB  veqtoriT paraleluri gadatanisas sibrtyis nebismieri  

M(x; y) wertili aisaxeba M'(x'; y') wertilze, maSin BA  veqtoriT  
M'(x'; y') aisaxeba 

	 1) M(y; x) wertilze 		  2) M(–x; –y) wertilze 
	 3) M(x; –y) wertilze 		  4) M(x; y) wertilze.

3  		 p (3; 0) veqtoriT paraleluri gadatanisas A(2; 5) wertili aisaxeba 
	 1) A'(5; 5) wertilze 		  2) A'(–1; 5) wertilze 
	 3) A'(2; 2) wertilze 		  4) A'(2; 5) wertilze.

4  		  cnobilia, rom T paraleluri gadataniT O(0; 0) wertili aisaxeba 
M(–2; 3) wertilze. maSin am paraleluri gadataniT A(–3; 2) wertili 
aisaxeba

	 1) A'(–1; 2) wertilze 		  2) A'(1; –2) wertilze
	 3) A'(–5; 5) wertilze 		  4) A'(–1; –1) wertilze.

5  		 dawereT im T paraleluri gadatanis formulebi, romliTac A(–3; 

–5) aisaxeba B(–3; –7) wertilze.

	 1) x'=x–3		  2) x'=x–3		  3) x'=x	 	 4) x'=x

	    y'=y–7		     y'=y–5		     y'=y–2		     y'=y+2.

6  		  A da B wertilebs Soris manZili 5 erTeulia. T paraleluri ga-
datanaa, A'=T(A), B'=T(B). ipoveT A'B'.

	 1) 10 		  2) 2,5 		  3) 15 		 4) 5.

amoxseniT amocanebi

7  		 T paraleluri gadatanaa AB  veqtoriT, | AB |=a. 
		  • warmoadgineT es paraleluri gadatana ori raime RerZuli sime-

triis kompoziciis saSualebiT. ramdennairad SeiZleba am warmodgenis 
ganxorcieleba?

		  • ipoveT manZili simetriis RerZebs Soris.

a

SearCieT swori pasuxi
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8  		 cnobilia, rom A
1
B

1
C

1
 samkuTxedi miiReba ABC samkuTxedisgan T 

paraleluri gadataniT T(A)=A
1
, T(B)=B

1
, T(C)=C

1
. CamowereT Tanafar-

dobebi am samkuTxedebis ZiriTad elementebs Soris.

9  		 a) ra SemTxvevaSi aisaxeba erTi monakveTi meore monakveTze para-
leluri gadatanisas?

		  b) mocemulia ori TanamimarTuli sxivi. SeiZleba Tu ara erT-erTi 
maTgani paraleluri gadataniT aisaxos meoreze?

		  g) mocemulia ori paraleluri wrfe. SeiZleba Tu ara raime para-
leluri gadataniT erT-erTi maTgani aisaxos meoreze?

		  d) mocemulia ori gadamkveTi wrfe. SeiZleba Tu ara raime para-
leluri gadataniT erT-erTi maTgani aisaxos meoreze?

		  e) ra SemTxvevaSi SeiZleba raime paraleluri gadataniT erTi ku-
Txe aisaxos meoreze?

		  v) ra SemTxvevaSi SeiZleba aisaxos raime paraleluri gadataniT 
erT-erTi wrewiri meore wrewirze?

10  		 suraTze sami bordiuris nawilebia gamosaxuli. TiToeul SemTxve-
vaSi gamoyaviT bordiuris raime nawili, romlis erTi da imave saxis 
paraleluri gadatanebiT miiReba es bordiuri.

	       

11  		 gamosaxeT ornamenti, romelic miiReba suraTze warmodgenili 
fragmentis miTiTebuli paraleluri gadataniT ramdenjerme gada-
tanisas.

	

	 a)	 			   b) 

	 g)	 			   d) 

12  		 wesieri samkuTxedebiT sibrtyis dafarvisas am samkuTxedebs saerTo 
Siga wertilebi ara aqvs da sibrtyis 
yoveli wertili erT samkuTxeds 
mainc ekuTvnis.

	 	 suraTze erT-erTi aseTi dafarvaa 
gamosaxuli.

	 	 ganvixiloT paraleluri gadatanebi 
samkuTxedebis gverdebis sigrZis toli 
manZiliTa da am gverdebis mimarTu
lebiT.
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		  • ra monakveTebze aisaxeba C
2
C

3
 monakveTi am gadatanebiT?

		  • ra monakveTze aisaxeba B
1
B

2
 monakveTi raime erTi mimarTulebiT 

zemoT aRniSnuli ori paraleluri gadatanis kompoziciiT?

		  • arsebobs Tu ara paraleluri gadatana, romliTac B
1
B

2
C

1
 aisaxeba 

A
1
A

2
B

2
-ze?

13  		 cnobilia, rom a||a', b||b'. ra veqtoriT ganisazRvre-
ba paraleluri gadatana, romliTac a aisaxeba a'-ze 
da b — b'-ze (ra wertilze aisaxeba a da b wrfeebis 
gadakveTis A wertili)?

14  		 suraTze a wiriT gamosaxulia saavtomobilo 
gza, b gamosaxavs rkinigzis monakveTs. rogor 
gavigoT paraleluri gadatanis gamoyenebiT 
saavtomobilo gzis ra nawilia 2 km-ze ufro 
Sors — `CrdiloeTis~ mimarTulebiT — sa-
rkinigzo monakveTidan?

15*  		 daasabuTeT, rom, Tu erTi trapeciis gverdebi, Sesabamisad, tolia 
meore trapeciis gverdebis, maSin arsebobs moZraoba, romliTac meore 
trapecia miiReba pirvelisgan, anu trapeciebi tolia.

	

miTiTeba.	 vTqvaT, AB=A'B', BC=B'C', AC=A'C', CD=C'D'. ganvixiloT 

paraleluri gadatanebi: T
1
 (BC  veqtoriT) da  

T
2
 ( B′C′  veqtoriT). T

1
(AB)=CE, T

2
(A'B')=C'E'. maSin, cxadia, 

∆ECD=∆E'C'D. maSasadame, arsebobs moZraoba, romlis 

dros ∆ECD → ∆E'C'D'. am moZraobis Sedegad gvaqvs: 

DA → D'A'; A → A'; BA=B'A' da B → B'.

16  		  vTqvaT, f asaxviT raime A wertili aisaxeba A' wertilSi, xolo ne-
bismieri (A-sgan gansxvavebuli) B wertili — iseT B' wertilSi, rom  

AB = – A′B′ .
	 daasabuTeT, rom es asaxva centruli simetriaa.

17  		  vTqvaT, Z
0
 aris centruli simetria O wertilis mimarT. Z

0
(A)=A'; 

Z
0
(B)=B'.
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		  • daasabuTeT: A′B′=– AB .

		  • vTqvaT, Z
01

 aris centruli simetria O
1
 

wertilis mimarT; Z01
(A')=A''; Z01

(B')=B''.

	 daasabuTeT,  rom am centrul simetriaTa 
kompozicia aris paraleluri gadatana: Z01°Z0 
paraleluri gadatanaa — A → A'', B → B'' da  

A″B″= AB .

		  • ra asaxvaa sami centruli simetriis kompozicia?

18  		 a) ipoveT im wrfis gantoleba, romelzec aisaxeba y=2x–1,5 wrfe 

paraleluri gadataniT, romelic OM(3; –4) veqtoriT ganisazRvreba; 
		  b) ipoveT im parabolis gantoleba, romelic miiReba y=x2 parabo-

lisgan paraleluri gadataniT: x'=x–3; y'=y+1;

		  g) ipoveT is paraleluri gadatana (warmoadgineT koordinatebiT), 
romliTac y=x2 aisaxeba y=x2–2x–3 parabolaze?

		  d) mocemulia funqciebi: y=x2+1; y=x; y=(x+5)2; y=(x–3)2; y=x2; y=|x|; 

y= –1; y=|x+1|. SearCieT am funqciebidan im funqciaTa wyvilebi, 
romelTa grafikebidan erT-erTi miiReba meorisgan OX an OY RerZis 
paralelurad raime paraleluri gadataniT.

(SearCieT amocanis amoxsnis xerxi)

	 ipoveT: 

	 a) y=2x+5 wrfis saxe a =(3; 1) veqtoriT paraleluri gadatanisas;

	 b) y=3x+2 wrfis saxe a =(2; 1) veqtoriT paraleluri gadatanisas.

	 I xerxi: gaiTvaliswineT, rom paraleluri gadatanisas wrfis saxe 
aris wrfe; ipoveT raime ori wertili, romelzec mocemuli wrfis 
saxe gadis; aris Tu ara sakmarisi mxolod erTi wertilis povna?

	 II xerxi: gamoiyeneT sakoordinato formulebi.

j
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3) mobruneba

gavixsenoT, rom R
0

α — mobruneba α kuTxiT O wertilis garSemo 
ganvsazRvreT, rogorc sibrtyis Tavis Tavze iseTi asaxva, roca 
sibrtyis yovel X wertils Seesabameba am X-is O wertilis garSemo 
α kuTxiT mobrunebisas miRebuli X' wertili — OX' sxivi miiReba 

OX sxivisgan α kuTxiT mobrunebiT; OX'=OX; OX′  veqtori miiReba 

OX  veqtorisgan α kuTxiT mobrunebiT — | OX′ |=| OX |.

gavixsenoT, rom mobrunebis α kuTxis sidide dadebiTic SeiZleba iyos 
da uaryofiTic da gradusebis nebismieri ricxviT SeiZleba gamoisaxos; mo-
bruneba saaTis isris sawinaaRmdego mimarTulebiT dadebiTi mimarTulebaa 
— mobrunebis kuTxe (gradusebSi) dadebiTi ricxviT gamoisaxeba; amasTanave, 
nebismieri mTeli n-isTvis R

0

α+360
0

·n da R
0

α erTsa da imave asaxvas warmoadgens.

amrigad, nebismieri n mTeli ricxvisTvis, 

			   	

R
0

α+3600·n=R
0

α

3600-iT mobruneba erTi sruli brunia saaTis isris sawinaaRmdego mimar-
TulebiT; -3600-iT mobruneba erTi sruli brunia saaTis isris mimarTulebiT.

mobrunebis kuTxes radianebiTac vzomavdiT — 1 radiani = 1800

π
≈570; π ra-

diani =1800.

maSasadame, nebismieri mTeli n-sTvis,

				  

Rα+2π·n=Rα

	

	  magaliTad, nebismieri mTeli n-sTvis koordinatTa saTavis garSemo 
π 
2

+2πn kuTxiT mobruneba, an (amave Sedegis momcemi) π 
2

 kuTxiT (n∈Z) mo-

bruneba, SeiZleba koordinatebiT warmovadginoT:

					      x'= –y

					      y'=x.

suraTze warmodgenilia erT-erT SemTxvevaSi am 
formulebis ilustracia.

A'B'C' samkuTxedi miiReba ABC samkuTxedisgan O 
wertilis garSemo α kuTxiT mobrunebisas (ABC miiReba 
A'B'C'-isgan –α kuTxiT mobrunebisas. samkuTxedebis 
SigniT gamosaxulia patara wrewirebi da miTiTe-
bulia kuTxeebis aTvlis dadebiTi mimarTuleba). 
mobrunebisas ar icvleba orientacia — Semovlis 
mimarTuleba samkuTxedis garSemo;  mobrunebis 
mimarT,  iseve,  rogorc paraleluri gadatanis 
mimarT, orientacia invariantulia.

mobruneba moZraobaa — mobrunebisas ar icvleba wertilebs Soris man-
Zilebi. monakveTis sigrZe mobrunebis mimarT invariantuli sididea.
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• SeamowmeT am debulebis WeSmaritoba, magaliTad, π 
2

+2πn (n∈Z) kuTxiT 

mobrunebis SemTxvevaSi (koordinatebis formulebis gamoyenebiT).

• SeamowmeT, rom mobruneba O wertilis garSemo α=π kuTxiT (maSasadame, 
α=π+2πn, n∈Z, kuTxiTac) centruli simetriaa O centriT.

• SeamowmeT; rom saerTo centris mimarT mobrunebaTa kompozicia 
mobrunebaa amave centris mimarT:

				    R
0

α°R0

β=R
0

α+β;

• ra SemTxvevaSia ori mobrunebis kompozicia igivuri asaxva?

• ra wertili aisaxeba Tavis Tavze O wertilis garSemo nebismieri ku-
TxiT mobrunebisas?

• ra mobrunebiT SeiZleba aisaxos mocemuli wrfe Tavis Tavze?

• ra mobrunebiT (O-s garSemo) SeiZleba aisaxos mocemuli 
monakveTi Tavis Tavze?

• SeiZleba Tu ara monakveTi aisaxos Tavis Tavze raime 
wertilis garSemo π kuTxiT mobrunebiT?

• ra mobrunebiT SeiZleba aisaxos gadamkveTi wrfee-
bis wyvili Tavis Tavze? daixmareT suraTze gamosaxuli 
SemTxvevebi.

 

• ra mobrunebebiT SeiZleba aisaxos Tavis Tavze suraTze 
gamosaxuli gadamkveTi wrfeebis sameuli?

SevajamoT: 	 ganvixileT moZraobis kidev erTi saxeoba — mobruneba wer-
tilis garSemo raime α kuTxiT. 

	 1. icvleba Tu ara orientacia α kuTxiT mobrunebisas?

	 2. monakveTisa da kuTxis ra Tvisebebi ar icvleba mocemuli wertilis 
garSemo raime α kuTxiT mobrunebisas?

	 3. ra formulebiT Caiwereba π 
2

 kuTxiT mobruneba koordinatTa sa-
Tavis mimarT?

	 4. ra SemTxvevaSia ori mobrunebis kompozicia igivuri asaxva?

	 5. ra veqtorze aisaxeba AB  veqtori raime O wertilis garSemo 5400-
iT mobrunebisas?

	  radiani (termini laTinuri radius-dan warmoiSva, rac sxivs niSnavs) _ 

centruli kuTxe, romlis Sesabamisi rkalis sigrZe radiusis tolia, 1 radi-

ani=
1800

π
. 

radiani sxivis magvarsac niSnavs.

Cveni

leqsikoni
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1  		 π 
3

=

	 1) 300 		  2) 600 		  3) 450		  4) 900.

2  		  2700=

	 1) 3π 
2

			  2) π 
2

			   3) – 3π 
2

	 4) π.

3  		 R
0

13π 
6  — mobrunebaa O wertilis garSemo 13π 

6
 kuTxiT. R

0

13π 
6 =

	 1) R
0

3π 
6  		  2) R

0

π 
6  		  3) R

0

π 
2 		 4) R

0

π 
3 .

4  		  R
0
–π=

	 1) R
0

π 		  2) R
0
2π 		  3) R

0

π 
2 		 4) R

0

3π 
2 .

5  		 Tu n∈Z, maSin nebismieri α-sTvis R
0

α+2πn=

	 1) R
0

2πα		  2) R
0

2α			  3) R
0

πα 		  4) R
0

α.

6  		 R
0

π 
3 °R0

π 
6 =

	 1) R
0

π 
3 		  2) R

0

π 
6 			  3) R

0

π 		  4) R
0

π 
2 .

7  		  im centruli kuTxis zoma, romlis rkalis sigrZe radiusis tolia, 
aris

	 1) π radiani 	 2) 1 radiani 	 3) π 
2

 radiani	  4) π 
3

 radiani.

8  		  n0-iani kuTxis radianuli zomaa

	 1) πn 
180

 rad 	 2) πn rad 		  3) π 
360

 rad 		 4) π 
270

 rad.

9  		  1 radianis zomis kuTxe 
	 1) maxvilia 					     2) blagvia 
	 3) marTi kuTxis naxevarze naklebia 	 4) ar aris maxvili kuTxe.

10  		  vTqvaT, A' aris A-s saxe O wertilis garSemo α kuTxiT mobrune-
bisas, B' aris B-s saxe amave mobrunebisas. maSin

	 1) A'B'=2AB 	 2) A'B'=AB 		  3) A'B'=
1 
2

AB 	 4) A'B'≠AB.

a

SearCieT swori pasuxi
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amoxseniT amocanebi

11  		 a) daasabuTeT, rom B(–3; 2) wertili SeiZleba miviRoT A(2; 3) wer-

tilisgan koordinatTa saTavis garSemo π 
2

 kuTxiT mobrunebisas;

		  b) ipoveT – π 
2

-is toli kuTxiT koordinatTa saTavis garSemo 

mobrunebis formulebi;

		  g) mocemulia wertilebi (–3; 1); (–2; 5); (7; 1); (1; 3); (–1; 7); (–2; 0). 
SearCieT im wertilTa wyvilebi, romelTagan pirveli miiReba meoris-

gan π 
2

 -is toli kuTxiT mobrunebiT (koordinatTa saTavis mimarT);

		  d) mocemulia wertilebi: (0; –1), (3; 1); (2; 0); (–7; –3); (–5; –2); (–1; 

0), (1;  –3); (–3; 7). SearCieT im wertilTa wyvilebi, romelTagan pirveli 

miiReba meorisgan koordinatTa saTavis garSemo – π 
2

-is toli kuTxiT 
mobrunebiT.

12  		 dawereT im wrfis gantoleba, romelic miiReba y=2x–1 wrfisgan 
koordinatTa saTavis garSemo 

		  a) π 
2

 -is toli kuTxiT; b) – π 
2

-is toli kuTxiT mobrunebisas.

13  		 vTqvaT, l
1
 da l

2
 wrfeebi ikveTeba O wertilSi. 

l
2
 miiReba l

1
-isgan α kuTxiT mobrunebisas.

		  daakvirdiT suraTs. masze A wertilis A''-ze 
asaxvis mixedviT warmodgenilia l

1
 da l

2
 wrfeebis 

mimarT RerZuli simetriebis kompozicia. aCveneT, 
rom es kompozicia aris mobruneba. ipoveT mo-
brunebis kuTxe.

	 	 qaRaldisgan gamoWeriT ori toli figura (magaliTad, 
suraTze gamosaxuli formis). magidaze ganalageT es fig-
urebi ise, rom SesaZlebeli iyos erT-erTi maTganis `asaxva~ 
meoreze: 

	 	 a) paraleluri gadataniT; 
			   b) centruli simetriiT; 
			   g) α kuTxiT mobrunebiT, α≠1800.

proeqti
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4) msgavsebis gardaqmna 

ukve ganvixileT sibrtyis geometriuli gardaqmnebi _ RerZuli simetria, 
centruli simetria, paraleluri gadatana, mobruneba wertilis garSemo.

yvela es gardaqmna sibrtyis wertilTa simravlis Tavis Tavze iseTi asaxvis 
kerZo SemTxvevebia, roca or wertils Soris manZili ar icvleba. TiToeuli am 

gardaqmnis dros, Tu M wertils Seesabameba M¢ wertili, N-s _ N¢ wertili, maSin 	

					     M¢N¢=MN. 			   (1)
sibrtyis aseT gardaqmnas gadaadgileba (moZraoba) ewodeba. zemoT CamoTvlili 

geometriuli gardaqmnebi gadaadgilebis kerZo SemTxvevebia.
gadaadgileba ki kerZo SemTxvevaa sibrtyis iseTi gardaqmnis, roca or wertils 

Soris manZili erTi da imave ricxvjer icvleba _ 

					     M¢N¢=k.MN. 			   (2)

am gardaqmnas msgavsebis gardaqmna ewodeba. roca k=1, maSin (2) tolobidan 
miviRebT (1) tolobas.

msgavsebis asaxviT yoveli figura mis msgavs figuraSi aisaxeba. kerZod, yoveli 
samkuTxedi mis msgavs samkuTxedze aisaxeba.

viciT, rom yovel or wertilze erTaderTi wrfe 

gadis. vTqvaT, msgavsebis asaxviT A wertili aisaxa A¢ 

wertilze, B _ B¢-ze.

• gamoiyeneT (2) toloba da aCveneT, rom A-sa da B-s 

Soris mdebare yoveli wertili A¢-sa da B¢-s Soris 
mdebare wertilze aisaxeba.

msgavsebis gardaqmnisas wrfe aisaxeba wrfeze, 
kuTxe _ mis tol kuTxeze.

msgavsebis gardaqmnis kerZo SemTxvevaa homoTetia _ homoTetia O centriTa 

da k koeficientiT iseTi gardaqmnaa, roca yovel M wertils Seesabameba _ iseTi 

M¢ wertili, rom

					     OM′=k OM  .				    (3)

Tu homoTetiiT M aisaxeba M¢-ze, N – N¢-ze, maSin

					     M′N′=k MN .
• SeecadeT miiRoT es toloba. amisTvis gamoiyeneT (3) da veqtoruli toloba 

M′N′= O′N′- O′M′.

SevajamoT: 	 ganvixileT msgavsebis gardaqmna da misi kerZo SemTxveva _ 
homoTetia. Camoyalibebulia maTi zogierTi Tviseba.
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1  		  SearCieT sityvebi gamotovebul adgilebSi Casasmelad ise, rom 
WeSmariti winadadebebi miiRoT

	 a) homoTetiisas yoveli wrfe aisaxeba mis ..... wrfeze;
	 b) msgavsebis asaxvis dros yoveli kuTxe aisaxeba mis ..... kuTxeze;
	 g) msgavsebis asaxvisas yoveli samkuTxedi aisaxeba mis ..... samkuTxedze;

	 d) msgavsebis asaxvisas, romlis koeficienti aris k, k>1, yoveli monakveTi 

aisaxeba monakveTze, romlis sigrZe k-jer ..... mocemul monakveTze;

	 e) msgavsebis asaxvisas, romlis koeficientia k, 0<k<1, yoveli monakveTi 

aisaxeba monakveTze, romlis sigrZe 1

k
-jer ..... mocemul monakveTze.

	 v) msgavsebis asaxvis kerZo SemTxvevaa, magaliTad, .....
 

2  		  daukvirdiT suraTs. vTqvaT, CD||AB; CD 
monakveTi dayofilia Svid tol nawilad.

	 	 • aRwereT: rogor SeiZleba AB monakveTi 
homoTetiis gamoyenebiT gavyoT 3:4 
SefardebiT?

3  mocemulia ori aratoli paraleluri 
monakveTi. ra homoTetiebiT SeiZleba erTi 
aisaxos meoreze?

4 		  vTqvaT, gvaqvs kuTxis 
mzomi xelsawyo, vimyofebiT 

mdinaris erT-erT mxares C 
wertilSi da gvsurs mdinareze 
gadasvlis gareSe vipovoT 
manZili or obieqts Soris, 
romlebic mdinaris sxvadasxva 

mxaresaa (A da B). kuTxis mzomi 
xelsawyoebiT SesaZlebelia 

ÐA da ÐC-s gazomva. aRwereT 

msgavsebis gamoyenebiT AB-s sigrZis povnis procesi.

5  		  vTqvaT, mocemulia homoTetia, romlis koeficientia  

k, centria O. daamtkiceT, rom, Tu O koordinatTa saTavea, 
maSin homoTetia moicema formulebiT:

		   x¢=kx

		     				        y¢=ky	 (1)

	 anu, Tu M(x; y) aisaxeba M¢(x¢, y¢)-ze, maSin gvaqvs (1) formulebi.

a

amoxseniT amocana
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miTiTeba.	 gamoiyeneT homoTetiis gansazRvreba:

					      OM′=k· OM

  

6   		 mocemulia ABC samkuTxedi. O aris AB-s Sua wertili. aageT am samkuTxe

dis homoTetiuri samkuTxedi centriT O wertilSi da k koeficientiT, 

roca: a) k=2, 	 b) k=-2, 	 g) k=0,5, 	 d) k=-0,5.

7   		 Semdegi winadadebebidan SearCieT WeSmariti winadadeba:
	 a) yoveli ori toli figura msgavsia;
	 b) yoveli ori msgavsi figura tolia;
	 g) yoveli ori homoTetiuri figura msgavsia;
	 d) yoveli ori msgavsi figura homoTetiuria.

8   		 sworia Tu ara, rom:
	 a) yoveli ori tolferda samkuTxedi msgavsia;
	 b) yoveli ori kvadrati msgavsia;
	 g) yoveli ori wrewiri msgavsia;
	 d) yoveli ori aratoli da paraleluri monakveTi homoTetiuria;
	 e) yoveli ori wrewiri tolia.

9  		   cnobilia, rom erTi wrewiri homoTetiuria meore wrewiris. rogor 
vipovoT homoTetiis centri?

10   		 aCveneT, rom H
0
k homoTetiisa da gadaadgilebis kompozicia aris 

msgavsebis asaxva k koeficientiT.

11   		 gaixseneT samkuTxedebis msgavsebis niSnebi. daamtkiceT isini 
homoTetiisa da gadaadgilebis kompoziciis gamoyenebiT. 

	
miTiTeba.	 gaiTvaliswineT, rom, Tu samkuTxedebi tolia, maSin 

erT-erTi maTgani miiReba meorisgan raime gadaadgile
biT (moZraobiT).
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wina paragrafSi kuTxe mobrunebas davukavSireT.

α kuTxiT mobrunebisas P
0
 wertili moZraobs wrewirze 

da misi saboloo mdebareoba Pα wertilia; amasTanave, mo-
brunebis α kuTxe SeiZleba iyos dadebiTi (maSin P

0
 moZ-

raobs wrewirze saaTis isris sawinaaRmdego mimarTulebiT) 
an uaryofiTi (saaTis isris mimarTulebiT); amasTanave, 
gradusebis an radianebis nebismieri ricxviT gamosaxuli; 
nebismieri ricxvisTvis arsebobs mobruneba iseTi kuTxiT, 
romlis zoma (gradusuli an radianuli) mocemuli ricx
viT gamoisaxeba.

yovel t ricxvs Seesabameba wrewirze P
t
 wertili, rome-

lic P
0
-isgan t radianiT mobrunebisas miiReba. mobrunebis 

kuTxis cvlilebisas — wertilis moZraobisas wrewirze P
t
 

wertilis gegmili X RerZze moZraobs P
0
 da P

1
 wertilebs 

Soris — awarmoebs rxeviT moZraobas P
0
-dan P

1
-isken da 

ukan — P
1
-dan — P

0
-isken; am rxevisas gadaxra koordinatTa 

saTavidan, rogorc mas uwodeben — amplituda — radiusis 
tolia. am rxeviTi procesis aRwerisa da sxva praqtikuli miznebisTvis mniS-
vnelovania nebismieri kuTxis trigonometriuli funqciebis gansazRvra da 
maTi gamoyeneba. es ganzogadeba wertilis wrewirze moZraobas ukavSirdeba.

ganvixiloT erTi praqtikuli amocana.
suraTzea warmodgenili erT-erTi meqaniz-

mis Semadgeneli nawilebi: OP mrudmxara, PQ 
barbaca da QB cocia. vTqvaT, gvsurs vipovoT 
damokidebuleba cocias O wertilidan gada
adgilebasa k wrfis gaswvriv) da mrudmxaras 
mobrunebis kuTxes Soris.

suraTis mixedviT SeiZleba kosinusebis Teorema 
gamoviyenoT: vTqvaT, OQ=y, OP=r, PQ=l. maSin 

l2=r2+y2–2yrcosα, 	 l2=r2+(y–rcosα)2–r2cos2α,

l2=(y–rcosα)2+r2sin2α,	 (y-rcosα)2=l2-r2sin2α,
		  y=r cosα+√l2-r2sin2α .

es damokidebuleba WeSmaritia wrewirze P wer-
tilis nebismieri mdebareobisTvis — α kuTxis nebismieri mniSvnelobisTvis. 
saWiroa α kuTxis trigonometriuli funqciebi gavavrceloT α-s nebismier 
mniSvnelobaze.

vTqvaT, P
t
 wertili miiReba koordinatTa saTavis garSemo P

0
-is α ku-

TxiT mobrunebiT. Tu α dadebiTi maxvili kuTxea, maSin OPM marTkuTxa 

1.7 trigonometriuli funqciebi.  
sinusisa da kosinusis perioduloba.
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samkuTxedidan

		
y

r
=sinα, 		

x

r
=cosα. 		  (1)

am formulebiT ganvsazRvravT nebismieri α kuTxis 
sinussa da kosinuss. Tumca, SeiZleba SemovifargloT 
erTeulovani wrewiriT — (1) formulebiT gansazRvruli 
sinα da cosα ar aris damokidebuli wrewiris radiusze 
da mxolod α-zea damokidebuli.

marTlac, vTqvaT, B
1
(x

1
; y

1
) da B

2
(x

2
; y

2
), Sesabamisad, r

1
 

da r
2
 radiusis mqone koncentruli wrewirebis wertile-

bia, r
2
>r

1
, Tu OB

2
 da OB

1
 kolinearuli veqtorebia, maSin 

		  OB
2 =

r
2

r1
OB

1 , 
anu,

	 x
2
=

r
2

r1
x

1
,	

x
2

r2
=

x
1

r1
,
		

y
2
=

r
2

r1
y

1
,
	

y
2

r2
=

y
1

r1
. 

amrigad, cosα-s da sinα-s mniSvnelobebi ar aris damokidebuli arCeuli 
wrewiris radiusze.

amitom, avirCioT yvelaze xelsayreli — erTeulovani wrewiri — wrewiri, 
romlis centri koordinatTa saTaveSia da radiusi erTis tolia. maSasadame, 
trigonometriuli funqciebi SeiZleba asec ganvsazRvroT: α radianis toli 
kuTxis sinusi ewodeba erTeulovani wrewiris Pα 

wertilis ordinats, α 
radianis toli kuTxis kosinusi — Pα wertilis abscisas.

	
sinα=y,		  cosα=x.

SeniSvna. roca vityviT: α kuTxe romelime (magaliTad, I) meoTxeds eku-
Tvnis — vgulisxmobT: Pα wertili ekuTvnis aRniSnul meoTxeds.

ukve aRvniSneT, rom nebismieri t ricxvisTvis, arsebobs mobruneba, 
romlis radianuli zoma t ricxviT gamoisaxeba. amitom nebismieri t ricxvis 
sinusi da kosinusi vuwodoT t radianis toli kuTxis sinussa da kosinuss. 
maSasadame, t ricxvis sinusi am ricxvis Sesabamisi P

t
 wertilis ordinatia, 

kosinusi — abscisa: 

			   sint=y,			  cost=x. 			   (2)

im t ricxvebisTvis, romlebisTvisac cost≠0, ganvsazRvravT tgt-sac for-
muliT:

				  
tgt=

sint

cost 			   (3)

sinusisa da kosinusis gansazRvrebidan gvaqvs: nebismieri t ricxvisTvis:

				  
sin2t+cos2t=1.

				  

amasTanave, SeamowmeT, rom Tu cost≠0, maSin
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1+tg2t=

1

cos2t
.

				  

maSasadame, nebismier t ricxvs (2) formulebiT SevusabameT sinusisa da 
kosinusis mniSvnelobebi — ganvsazRvreT trigonometriuli funqciebi — 
sinusi da kosinusi; (3) formuliT, roca cost≠0, ganvsazRvreT t ricxvis 
tangensi.

am gansazRvrebebis Sesabamisad, radgan erTeulovani wrewiris yoveli (x, 

y) wertilisaTvis –1≤x≤1, –1≤y≤1, x Rebulobs nebismier mniSvnelobas [–1; 1] 
Sualedidan, aseTivea y-ic. amrigad, sinusisa da kosinusis mniSvnelobaTa 
simravleebi [–1; 1] Sualedia; am funqciebidan TiToeulis gansazRvris are 
namdvil ricxvTa R simravlea. 

SeiZleba iTqvas: sinusi da kosinusi [–1; 1] → R asaxvis kerZo SemTxvevebia.

amasTanave, gavixsenoT, rom nebismieri t ricxvisTvis da nebismieri n∈Z 
ricxvisTvis,

R
0
t da R

0
t+2πn 

mobrunebebi, anu, P
t
 da P

t+2πn
 wertilebi erTmaneTs emTxveva. maSasadame, 

nebismieri t ricxvisTvis 

				  
sin(t+2πn)=sint, n∈Z,

cos(t+2πn)=cost, n∈Z.

	

		

— sinusi da kosinusi perioduli funqciebia. orive funqciis umciresi 
dadebiTi periodi 2π ricxvia.

SevajamoT: 		  ganvsazRvreT nebismieri ricxvis sinusi da kosinusi; t 
ricxvis sinusi aris erTeulovan wrewirze am ricxvis Sesa-
bamisi P

t
 wertilis ordinati, sint=y; kosinusi aris P

t
 werti-

lis abscisa, cost=x; nebismieri t ricxvisTvis, romlisTvisac 

cost≠0, tgt=
sin t

cos t
.

			   sinus da kosinus funqciebidan TiToeulis gansazRvris 
are namdvil ricxvTa simravlea, mniSvnelobaTa simravle — 
[–1; 1] Sualedi. sinusi da kosinusi perioduli funqciebia, 
TiToeuli maTganis umciresi dadebiTi periodi aris 2π.
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		  trigonometria berZnuli sityvaa da samkuTxedis (trigonon) gazom-
vas (metris) niSnavs. maTematikis es dargi astronomiis, geografiisa 
da navigaciis praqtikuli amocanebis gadawyvetasTan dakavSirebiT 
viTardeboda. varaudoben, rom am dargis sawyisebi ukve Zvel egvip-
teSi (C.w.a.-mde ramdenime aTaseuli wlis win) Caisaxa.

		  Cvenamde moRweuli naSromebidan pirvelia Zveli berZeni maTema-
tikosis ptolemes (II saukune) wigni, romelSic trigonometriis el-
ementebia mocemuli. aq sxva sakiTxebTan erTad mocemulia cxrili, 
romelic SeiZleba CaiTvalos 00-dan 900-mde kuTxeebis sinusebis 
cxrilad (30'-iani bijiT). am cxriliT saukuneebis manZilze sarge-
blobdnen sxvadasxva qveynebSi.

		  sinusi da kosinusi indoeli mecnierebis astronomiul naSromebSic 
gvxvdeba (IV-V saukune), xolo tangensi _ IX-X saukuneebSi arab mec-
nierTa praqtikul gamokvlevebSi, magaliTad, Crdilis mixedviT mzis 
simaRlis gansazRvrisas. am amocanas efuZneba mzis saaTis damzadeba. 

		  suraTze XVI sau-
kunis graviuraa gamo-
saxuli. mis mixedviT 
Tqven aRmoaCenT, Tu 
ra gazomvebi mimdin-
areobda im drois ev
ropaSi.

		  Tanamedrove saxe 
trigonometriis for-
mulebsa da trigo
nometriul funqciebs 
gamoCenilma maTema-
tikosma leonard eil-
erma (1707-1783) misca.

		  maTematikis TiTqmis 
yvela nawilSi da mis 
gamoyenebebSi gvxvdeba 
eileris saxeli _ eileris Teorema, eileris igiveoba, eileris for-
mula, eileris mudmiva, eileris funqcia da a.S. 1735 wels eileri 
cali TvaliT dabrmavda. 1766 wlidan ki sruliad usinaTlo iyo. 
miuxedavad amisa, is mainc agrZelebda umniSvnelovanes samecniero 
muSaobas da araCveulebrivi aRmoCenebiT amdidrebda mecnierebas.

s
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		  1. ra formuliT ganvsazRvravT marTkuTxa samkuTxedSi maxvili 
kuTxis sinuss, kosinuss, tangenss?

		  2. ra formuliT ganvsazRvravT nebismieri α kuTxis sinuss, kosi-
nuss, tangenss?

		  3. ras vuwodeT nebismieri t ricxvis sinusi, kosinusi, tangensi?

		  4. aris Tu ara sinusi da kosinusi perioduli funqciebi?

		  5. SeiZleba Tu ara, t-s raime mniSvnelobebisTvis [–1; 1]-dan cost-sa 
da sint-s mniSvnelobebi (orive) iyos uaryofiTi, dadebiTi?

1  		 nebismieri t ricxvisTvis sin(2π+t)=

	 1) sin2t	  	 2) sin2π	  3) sint 	 4) sin(t+π).

2  		 nebismieri t ricxvisTvis cos(t–2π)=

	 1) cos(–2π) 		  2) cos2π 	 3) cos2t 	 4) cost.

3  		 t=
π
4

-s erTeulovan wrewirze Seesabameba wertili

	 1) (- 1
2

; 
1
2 )		 2) (-√2

2
; 
√2
2 )	 	 3) (√2

2
; -

√2
2 )		  4) (√2

2
; 
√2
2 ).

4  		 t=
3π
2

-s erTeulovan wrewirze Seesabameba wertili

	 1) (–1; 0) 	 	 2) (0; –1) 		  3) (1; 0) 		  4) (0; 1).

5  		 cos
3π
2

=

	 1) 1 		  2) 0 		  3) –1 		 4) 1
2

.

6  		 tgπ=
	 1) 1 		  2) –1 		 3) 0 		  4) √3.

7  		 tg
3π
4

=

	 1) –1 	 2) 1 		  3) 0 		  4) ±1.

a

SearCieT swori pasuxi
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8  		 nebismieri t ricxvisTvis sin2t=

	 1) 1–cos2t 	 2) 1+cos2t 		  3) 2+cos2t 	 4) 1+sin2t.

9  		 nebismieri t ricxvisTvis, romlisTvisac cost≠0, 1+tg2t=

	 1) l

sin2t
	 2) l

cos2t
		  3) 1 		  4) cos2t.

10  		 sin22+cos22=

	 1) 1 		  2) 2 		  3) 1
2

 		 4) 3.

11  		 r-radiusiani wrewiris 3r sigrZis rkalis Sesabamisi centruli ku-
Txis radianuli zomaa

	 1) 3π 		  2) 3π
2

 		 3) π
3

 		 4) 3.

12  		 2+cosα gamosaxulebis udidesi mniSvnelobaa 
	 1) 2 		  2) 4 		  3) 3 		  4) 1.

amoxseniT amocana

13  		 erTeulovani wrewiri 8 tol nawiladaa 
dayofili — miRebuli wertilebi Seesa-

bameba t-s mniSvnelobebs: 0; π
4

; 
π
2

; 
3π
4

; π; 

5π
4

; 
3π
2

; 
7π
4

.

		  • daasabuTeT, rom miRebuli P
t
 werti

lebis koordinatebi, Sesabamisad, miTiTe-
buli ricxvebia.

		  • gamoiyeneT suraTze warmodgenili 
monacemebi SeavseT cxrili:

	
α 0; π

4
3π
4

π
2

π 5π
4

3π
2

7π
4

2π

sinα
cosα
tgα

		

		  • daasabuTeT, rom t=– π
4

 da t=
7π
4

-s erTi da igive wertili Seesa-
bameba.

		  • ipoveT am ricxvebis sinusi, kosinusi, tangensi.

y

x
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14  		 erTeulovani wrewiri 12 tol nawiladaa 
dayofili ise, rogorc es suraTzea warmod-
genili.

		  • ipoveT miRebuli wertilebis koordinatebi.

		  • ipoveT sinusi, kosinusi da tangensi, roca 

			   t= – π
6

, t= – 
π
3

.

		  • gamoiyeneT 1 da 2 amocanaSi miRebuli 

Sedegebi da SeavseT cxrili:

 α 0 π
6

π
4

π
3

π
2

2π
3

3π
4

5π
6

π

sinα

cosα

tgα

15  		 gamoiyeneT periodulobis Tviseba da ipoveT t ricxvis sinusi da 
kosinusi:

		  a) t=
13π

6
; 		  b) t=– 

7π
2

.

16  		 ipoveT gamosaxulebis mniSvneloba:

		  a) tg2 π
4

+cos3 π
3

;			   b) (tg300+
tg450

tg300 )cos300;

		  g) sin2300+cos4450

tg2600
; 		  d) 

2sin
π
3

cos
π
3

sin
π
4

-
3√2

2
tg
π
3

.

17  		 romel meoTxeds ekuTvnis kuTxe, romlis radianuli zomaa:

		  a) π
5

; 	 b) 7π
5

; 	 g) 5π
4

; 	 d) – 
11π

9
; 	 e) –1; 		

		  v) –2; 	 z) 2; 	 	 T) 3,6; 	 i) 5,63; 	 k) –2,25.

18  		 SeavseT cxrili (rveulSi):

	 n –2 –1 0 1 2 10

α=
π
6

+2πn

meoTxedi , 

romelsac 
α ekuTvnis
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19  		 ipoveT wrewiris im rkalis radianuli α zoma, romlis radiusi 15 
erTeulia, xolo rkalis sigrZe aris: 

		  a) 5; 		  b) 3.

	

miTiTeba.	 gaixseneT: r radiusis mqone wrewiris t radianis rkalis 
sigrZe aris tr.

20  		 avtomobili moZraobs 80 km/sT siCqariT. misi Tvlebis diametri 
75 sm-ia. ramden srul bruns asrulebs avtomobilis Tvali 1 wT-Si?

21  		 wertili moZraobs wrewirze dadebiTi mimarTule-
biT da am moZraobis kuTxuri siCqare aris 1 radiani 
wamSi (1 wamSi mobrunebis kuTxe). t=0 SemTxvevaSi 
wertili P

0
-s emTxveva. moniSneT suraTze wertilis 

mdebareoba:

		  a) π
4

 wamis Semdeg; 	 b) 2π
3

 wuTis Semdeg.

22  		 CawereT yvela is t ricxvi, romelic P
O
 wertilidan t radianis toli 

kuTxiT mobrunebisas erTeulovan wrewirze P wertils warmogvidgens:

		  a)						      b)

		     			    	  ∠P
0
OP=

π
6	

	
		  g)						      d)

	
	
	

		       		     ∠P
0
OP=

5π
6

		  d) 
			   				    .

23 	 	 ipoveT gamosaxulebis mniSvneloba:

		  a) 4sinπ – 4cos
3π
2

+3tg
π
4

 – tg0;		  b) 3cos2 π
3

+2sin2 π
3

 – tg π
4

;

		

		  g) sin2 π
3

+cos2 π
3

 – tg π
4

;			  d) tg
π
6
⋅cos

π
6

 – sin2 π
4

.

y

x



78

24  		 dawereT formulis saxiT t-s yvela is mniSvneloba, romlisTvisac:
		  a) sint=1; 		  b) cost= –1;		

		  g) cost=0; 		  d) tgt=0.

	

miTiTeba.	 	 Tu sint=1, maSin t ricxvs Seesabameba is wertili, 
romlis ordinatia 1, aseTi wertili erTaderTia — 

P(1; 0) wertili. is Seesabameba t=
π
2

+2πn, n∈Z ricxvebs;

		  g) Tu cost=0, maSin t ricxvs Seesabameba is wertili, 
romlis abscisa 0-ia, aseTi Tvisebis ori wertili 
gvaqvs: P da P'. isini Seesabameba ricxvebs:

					     t=
π
2

+2πn  da  t= – 
π
2

+2πn, n∈Z,

				    anu

						      t=± π
2

+2πn, n∈Z;

		  yvela es ricxvi asec Caiwereba:

						      t=
π
2

+πn, n∈Z;

			   d) Tu tgt=0, maSin sint=0 da t ricxvs P
0
 da P'' 

wertilebi Seesabameba:

				    t=2πn, an t=π+2πn=π(2n+1), n∈Z.

		  es ricxvebi SeiZleba asec CavweroT: t=πn, n∈Z.

25 		  ipoveT gamosaxulebis udidesi da umciresi mniSvnelobebi:

		  a) 1+sint; 	 b) 2–cost; 	 g) 3+2sint; 	   d) 2–2cost; 	 e) |sint|.

26 		  SesaZlebelia, Tu ara sint=m toloba, roca m aris:

		  a) √2; 		  b) 
1

√2
; 		  g) 1+√3

2
; 		  d) 1-√3

2
.

27  		 ipoveT t ricxvis sinusi da kosinusi:

		  a) t=
25π

6
; 	 b) t= – 9π

4
; 		  g) t=

7π
3

.

28  		 moswavlem f funqciisTvis Seamowma tolobebi da daaskvna, rom T 
am funqciis periodia. sworad msjelobs Tu ara moswavle? 

		  a) f(t)=sint, 	 sin
π
6

=
1
2

;	 sin( π6 +
2π
3 )= 1

2
;	 T=

2π
3

;

		  b) f(t)=cost, 	 cos
π
2

=0, 	 cos( π2 +π)=0, 	 T=π.

29  		  vTqvaT, f(t) funqcia periodulia, k da b raime ricxvebia. daasabu-
TeT, rom kf(t)+b funqciac periodulia.
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30  		 ipoveT:

		  a) sin
9π
4

; 		 b) cos
121π

4
; 		  g) sin(-111π4 );	 d) cos(-203π4 ).

31  		 daasabuTeT: Tu saerTo gansazRvris aris mqone f(x) da g(x) funq-
ciebs aqvs saerTo periodi — T, maSin f(x)+g(x) perioduli funqciaa 
da misi periodia T.

32  		 daasabuTeT: Tu f(x)-is umciresi dadebiTi periodia T, maSin f(kx)-is 

umciresi dadebiTi periodia T
k

. 

	

miTiTeba.	 ganixileT funqcia:

					     F(x)=f(kx)

			   F(x+ T
k

)=f(k(x+ T
k

))=f(kx+T)=f(kx)=F(x).

	 vTqvaT, 0<l< T
k

 da nebismieri x-Tvis f(x)-is gansazRvris aridan

		  F(x+l)=f(k(x+l))=f(kx+kl) es ki ar udris f(kx)-s, radgan 0<kl<T.

33  		 daasabuTeT, rom (cos3x+cos4x)-is umciresi dadebiTi periodia 2π.

	

	

miTiTeba.	 cxadia, 2π periodia, SevamowmoT, rom 2π umciresi 
dadebiTi periodia. 

vTqvaT, l periodia, 0<l<2π da F(x)=cos3x+cos4x.

maSin F(x+l)=F(x) (nebismieri x-sTvis). ganvixiloT
			   F(x+l)=cos3(x+l)+cos4(x+l).

amrigad, 
			   cos(3x+3l)+cos(4x+4l)=cos3x+cos4x.

kerZod, roca x=0, maSin
			   cos3l+cos4l=2.

saidanac vRebulobT: 
			   cos3l=1, cos4l=1. (1)

magram, l-is umciresi dadebiTi mniSvneloba, romlisTvisac er-
Tdroulad Sesruldeba (1) tolobebi, aris 2π. amrigad 2π-ze 
naklebi periodi F(x) funqcias ara aqvs.

34  		 ipoveT funqciis umciresi dadebiTi periodi:

		  a) sin3x; 			  b) cos5x; 			   g) sin x
5

; 	

		  d) cos x
3

; 		  e) 2sin3x+3cos2x; 		  v) 1–sin x
2

+cosx.
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1) tangensis perioduloba

t ricxvis tangensi erTeulovan wrewirze Sesabamisi 
P

t
(x; y) wertilis sinusisa da kosinusis Sefardebaa:

		 tgt=
sin t

cos t
, 	 anu 		  tgt=

y

x
;

Tu P
t
 wertilis abscisa nulia, 

maSin tangensi gansazRvruli ar aris. 
nulis toli abscisa aqvs P' da P'' 

wertilebs, romlebic t=
π
2

+2πn da t= – 
π
2

+2πn, n∈Z, ri-

cxvebs Seesabameba. es ricxvebi asec Caiwereba:

					     t=
π
2

+πn, n∈Z.

maSasadame, 

Tu t≠ π
2

+πn, n∈Z, maSin yovel t ricxvs tgt-s 

erTaderTi mniSvneloba Seesabameba.

vTqvaT, l wrfe erTeulovan wrewirs exeba P
0
 wertilSi, 

OP
t
 wrfe ki l-s M wertilSi kveTs. OM wrfis gantoleba, 

cxadia, y=kx saxiT Caiwereba da mas P
t
 wertilis koor

dinatebic akmayofilebs, Tu P
t
=(x

t
; y

t
), maSin 

			   y
t
=k⋅x

t
, k=

y
t

x
t

=tgt.

maSasadame, OM wrfis gantolebaa: 				  

			   y=tgt⋅x. 				    (1)

cxadia, mas M wertilis koordinatebic akmayofilebs. M-is abscisa 1-is 
tolia, y-ordinati (1)-dan miiReba — M wertilis ordinati tgt-s tolia.

P
0
M wrfes tangensebis RerZi ewodeba.

amrigad, Tu t raime ricxvia, maSin misi tangensi grafikulad ase Sei-
Zleba moiZebnos: vpoulobT t-s Sesabamis P

t
 wertils erTeulovan wrewirze. 

gavavlebT OP
t
 wrfes da movniSnavT am wrfisa da P

0
 wertilze gavlebuli 

mxebi wrfis gadakveTis wertils. am wertilis ordinatia tgt, anu t ricxvis 
tangensi tangensebis RerZze Sesabamisi wertilis ordinatia.

suraTze moniSnul Pt1
 da Pt2

 wertilebs tangensebis 
RerZze erTi wertili — M wertili Seesabameba. maSa-
sadame, am t

1
 da t

2
 ricxvebis tangensebi tolia. Pt1

 da Pt2
 

wertilebis Sesabamisi ricxvebi erTmaneTisgan nπ (n∈Z) 
ricxviT gansxvavdeba.

maSasadame, 
			   tg(t+πn)=tgt, n∈Z. 			   (2)

amrigad, tangensi perioduli funqciaa.
• SeecadeT daasabuToT, rom π aris tangensis umciresi dadebiTi periodi.

1.8 vagrZelebT trigonometriuli funqciebis Tvisebebis 
Seswavlas

t

t

x

x
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magaliTi 1

2) trigonometriuli funqciebis mniSvnelobaTa povna, nulebi; 
	   trigonometriuli funqciebis niSnebi

sinusi da kosinusi perioduli funqciebia 2π periodiT, amitom mivu-
TiTebT am funqciebis nulebs da niSnebis cvlilebas mxolod 2π sigrZis 
[0; 2π) SualedSi. periodulobis gamo ar gagviWirdeba am funqciebis nulebis 
miTiTeba da niSnebis garkveva nebismier sxva SualedSi.

gavixsenoT, rom t ricxvis sinusi da kosinusi, Sesabam-
isad, P

t
 wertilis ordinati da abscisaa:

				    sint=y, cost=x.

radgan t∈[0; 2π), amitom mxolod P
0
 da Pπ 

wertilebis 
ordinatebia nulis toli. maSasadame, t=0 da t=π aris sint-s 
nulebi [0; 2π) SualedSi.

sint-s yvela nuli ase Caiwereba: 

t=πn, n∈Z.

tangensis nulebis simravle sinusis nulebis simravles 
emTxveva. es nulebia: 

t=πn, n∈Z.

kosinusis yvela nuli ki ase Caiwereba:

t=
π
2

+πn, n∈Z.

axla, Tu gaviTvaliswinebT meoTxedebis mixedviT wertilebis koordi-
natebis niSnebs, SeiZleba SevadginoT trigonometriuli funqciebis niSnebis 
cxrili:

I meoTxedi II meoTxedi III meoTxedi IV meoTxedi

sint + + – –

cost + – – +

tgt + – + –

am cxrilSi gamoricxulia kuTxeebi, romlebic meoTxedebis sazRvris 
Sesabamisia.

mocemulia: sint= – 3
5

, π<t<
3π
2

. vipovoT cost, tgt.

amoxsna.
sin2t+cos2t=1

cos2t=1–sin2t

 

+ +
--

- +
+-

- +
-+
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magaliTi 3

magaliTi 2

			   cos2t=
16
25

radgan π<t<
3π
2

, Sesabamisi wertili erTeulovan wrewirze III meoTxeds 
ekuTvnis, cost<0. maSasadame,

			   cost= – 
4
5

,	 tgt=(– 
3
5 ):(– 

4
5 )= 3

4
.

		  mocemulia: tgt= –2, 
3π
2

<t<2π. vipovoT sint, cost.

amoxsna.
gavixsenoT, rom

			   1+tg2t=
1

cos2 t

			   1+4=
1

cos2 t
.

amrigad, 

			   cos2t=
1
5

.

IV meoTxedSi cost>0, amitom cost=
1

√5
, sint=cost⋅tgt=– 

2

√5
.

kalkulatoris gamoyenebiT vipovoT cos5040'12''.

trigonometriuli funqciebis mniSvnelobebi zogierTi modelis kalkula-
toris saSualebiT SeiZleba vipovoT rogorc gradusebSi, aseve radianebSi 
gamosaxuli kuTxeebisTvis. kalkulatorze Sesabamisi Rilakis gamoyenebaa 
saWiro, romliTac mivuTiTebT gradusebs viyenebT, Tu radianebs.

gradusebze gadarTvasTan erTad saWiroa argumentis mniSvneloba aTo-
biTi sistemis CanaweriT warmovadginoT. magaliTad, 

			  5040'12''=50+(4060)
0

+( 12
3600 )

0

=5,670,

			  cos(5040'12'')=cos5,670 ≈ 0,0987987.

zogierTi modelis kalkulatori ki am gardaqmnebis gareSec `kiTxulobs~ 
kuTxeebs da poulobs funqciaTa mniSvnelobas.

sakmarisia mivawodoT: , 

Semdeg ki  da ekranze miviRebT 
saTanado mniSvnelobas.
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magaliTi 5

magaliTi 4

			  kalkulatoriT gamovTvaloT sin25017'35''.

			  250 17' 35''=250+(1760)
0

+( 35
3600 )

0

=250+(17·60+35
3600 )

0

amjerad yvela moqmedeba kalkulatorze vawarmooT: gradusebze gad-

arTvisa da sinusis  miTiTebis Semdeg miviRebT pasuxs: 0,427248.

	tg14π
5

-is povnis procesi kalkulatorze ase warmogvidgeba:

Radian |   = 0,7265425.

trigonometriul funqciaTa mniSvnelobebis gamoTvlaSi saxelmZRvanelos 
boloSi warmodgenili cxrilic gamogadgebaT.

SevajamoT: 		  warmodgenilia tangensis periodulobis dasabuTeba, 
trigonometriuli funqciebis niSnebi meoTxedebis mixedviT, 
ganxilulia kalkulatoris saSualebiT trigonometriuli 
funqciebis mniSvnelobebis povna. amasTanave, gavixseneT zo-
gierTi kuTxis trigonometriuli funqciebis mniSvnelobebi, 
SevavseT adre miRebuli cxrili da warmovadgineT igi Sem-
degi saxiT:

α (gradusebiT) 00 300 450 600 900 1800 2700

α (radianebiT) 0
π
6

π
4

π
3

π
2 π

3π
2

sinα 0
1
2

√2
2

√3
2

1 0 –1

cosα 1
√3
2

√2
2

1
2 0 -1 0

tgα 0
1

√3
1 √3

ar aris 
gansazRvruli

0
ar aris 

gansazRvruli 

 

			   1. risi tolia tangensis umciresi dadebiTi periodi?

			   2. argumentis ra mniSvnelobebisTvis ar aris gansazRvruli tangens 
funqcia?

			   3. ra ricxvebs vuwodebT trigonometriuli funqciebis nulebs?
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		 4. romel meoTxedebSia sinusi uaryofiTi?

		 5. romel meoTxedebSia kosinusi uaryofiTi?

		 6. romel meoTxedebSia tangensi uaryofiTi?

		 7. romel meoTxedebSia sinusisa da kosinusis namravli uaryofiTi?

1  			   tangensis umciresi dadebiTi periodia
	 1) π 	 2) 2π 	 3) 3π 	 4) π

2
.

2  			  tgt ar aris gansazRvruli, roca t=

	 1) 2πk, k∈Z	      2) πk, k∈Z 	 3) π
2

+πk, k∈Z 	 4) π.

3  			  tgt SeiZleba 
	 1) mxolod dadebiTi ricxvi iyos 	 2) mxolod uaryofiTi ricxvi iyos
	 3) mxolod naturaluri ricxvi iyos	 4) nebismieri ricxvi iyos.

4  			   Tu tgα=3, maSin tg(π+α)=

	 1) π 	 2) π+3 	 3) 3	 4) π+α.

5  			   tg2250=

	 1) 2	 2) 1 	 3)  1
2

	 4) 3.

6  			  Tu t=
10π

3
, maSin tgt

	 1) dadebiTia    2) uaryofiTia 	 3) nulis tolia 	4) aradadebiTia.

7  			  Tu t=2, maSin cost

	 1) dadebiTia 	                2) uaryofiTia 	

	 3) nulis tolia 		     4) arauaryofiTia.

8  			  Tu sinα<0 da cosα<0, maSin α kuTxe ekuTvnis
	 1) I meoTxeds 		  2) II meoTxeds 
	 3) III meoTxeds 		  4) IV meoTxeds.

9  			  tg1350=

	 1) 1 	 2) –1 	 3) √3	 4) –  1

√3
.

amoxseniT amocanebi

10  			  dadebiTia Tu uaryofiTi t ricxvis sinusi, kosinusi, tangensi, Tu:

	 a) t=
15π

8
; 		  b) t= –  π

7
;	     g) t=

29π
3

; 	

a

SearCieT swori pasuxi
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		 d) t=6; 		  e) t=
10π

9
; 		  v) t=3?

11  			  ipoveT kalkulatoris gamoyenebiT, warmoadgineT pasuxi meaTiaTa-
sedamde sizustiT:

	 a) sin100; 		  b) tg23,50;	 g) cos800; 	 d) sin73056'; 

	 e) cos4050'15''; 	 v) tg
1
2

; 	 z) cos0,75; 	 T) cos16,350.

12 			   tgϕ= – 
5
4

, ϕ meoTxe meoTxeds ekuTvnis. ipoveT sinϕ da cosϕ.

13  			  romel meoTxeds ekuTvnis α, Tu:

	 a) sinα>0 da cosα>0; 		  b) sinα<0 da cosα>0;

	 g) sinα>0 da tgα<0; 		  d) cosα>0 da tgα<0.

14  			  ipoveT α, Tu tgα ar aris gansazRvruli da π≤α≤2π.

15  			  ipoveT t ricxvis ori mniSvneloba, romlisTvisac 0≤t<2π da

		 a) sint=
1
2

;		  b) cost= – 1
2

;	 g) tgt=1;	

	 d) sint=
√3
2

;	   	 e) sint= – √3
2

;	    v) cost= – √3
2

.	

16  sint=
4
5

, 
p
2

<t<π. ipoveT cost da tgt.

3) luwi da kenti trigonometriuli funqciebi

ganvixiloT erTeulovani wrewiri da masze P
t
 da P–t

 wer-
tilebi. isini simetriulia OX RerZis mimarT. amitom am wer-
tilebs abscisebi toli aqvs, ordinatebi ki mxolod niSniT 
gansxvavdeba; maSasadame,

	  		

	 cos(–t)=cost, sin(–t)=–sint.
		  (1)

Tu y=f(x) funqciis gansazRvris are simetriulia ricxviTi 
wrfis saTavis mimarT da gansazRvris aris yoveli x ricxvisTvis

			   f(–x)=f(x), 		  (2)

maSin y=f(x) funqcias luwi funqcia ewodeba.



86

Tu y=f(x) funqciis gansazRvris are simetriulia ricxviTi 
wrfis saTavis mimarT da gansazRvris aris yoveli x ricxvisTvis

		  f(–x)= –f(x),		  (3)

	maSin y=f(x) funqcias kenti funqcia ewodeba.

am gansazRvrebebisa da (1) formulebis mixedviT, vRebulobT: kosinusi 
luwi funqciaa, sinusi — kenti funqcia.

tangensi kenti funqciaa. marTlac, Tu cost≠0, maSin

			   tg(–t)=
sin (-t)

cos (-t)
=

-sin t

cos t
= –tgt.

SeamowmeT: 
• y=xn formuliT mocemuli funqcia, roca n luwi naturaluri ricxvia, 

luwi funqciaa; 
• y=xn formuliT mocemuli funqcia, roca n kentia, zrdadia.

• miuTiTeT Sualedi, romelzec y=x2 klebadia.

• gavixsenoT, rom zrdad an klebad funqcias gansazRvruls raime si-
mravleze, am simravleze monotonuri funqcia ewodeba.

SeviswavloT trigonometriuli funqciebis monotonu-
robis sakiTxi.

daakvirdiT suraTs. masze warmodgenilia I meoTxedSi 
P

t
 wertilis erTeulovan wrewirze dadebiTi mimarTulebiT 

moZraoba, rasac Seesabameba sinusis (P
t
 wertilis ordinatis) 

zrda da kosinusis (abscisas) — kleba.

Tu gaviTvaliswinebT, rom wertilis aseTi moZraoba t 
ricxvis zrdisas xdeba, miviRebT:

I meoTxedSi: kosinusi klebadia, sinusi zrdadia.

II meoTxedSi: kosinusi klebadia, sinusic klebadia (t 
izrdeba, P

t
 wertilis ordinati mcirdeba, 

abscisac mcirdeba).

III meoTxedSi: sinusi klebadia, kosi-
nusi zrdadia.

IV meoTxedSi: sinusi zrdadia, kosinusic zrdadia.

Tu gaviTvaliswinebT sinusisa da kosinusis periodu-

lobas, I meoTxedis Sedegebi gavrceldeba (2πn; 
π
2

+2πn), 

n∈Z Sualedebzec. amrigad, (2πn; 
π
2

+2πn), n∈Z, SualedebSi 

kosinusi klebadia, sinusi zrdadia.

• SeecadeT sxva meoTxedebis mixedviT miuTiToT am funqciebis mono-
tonurobis Sualedebi.
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suraTze erTeulovani wrewiri da tangensebis RerZia gamo-
saxuli. IV da I meoTxedebSi P

t
 wertili dadebiTi mimarTule-

biT moZraobs t-s zrdisas. am SemTxvevaSi tangensebis RerZze 
Sesabamisi wertilis ordinatic izrdeba, anu am meoTxedebSi 

tangensi zrdadia — (– π
2

+2πk; 
π
2

+2πk), k∈Z SualedebSi tan-
gensi zrdadia.

am suraTze wertili moZraobs meore da mesame meoTxedebSi. 
t-s zrdisas es moZraoba dadebiTi mimarTulebiTaa.

am SemTxvevaSic tangensebis RerZze Sesabamisi wertilis 
ordinati izrdeba — tangensi izrdeba. II da III meoTxedebSi 

tangensi zrdadia. (
π
2

+2πk; 
3π
2

+2πk), k∈Z tangensis zrdadobis 
Sualedebia.

es SemTxveva SeiZleba arc gangvexila — tangensi perio-
dulia π periodiT. amrigad, II da III meoTxedebSi, funqcia zrdadia, radgan 
is zrdadia IV da I meoTxedebSi.

amrigad, tangensi zrdadia (– 
π
2

+πn; 
π
2

+πn), k∈Z, SualedebSi.

SevajamoT: 		  ganvixileT trigonometriuli funqciebis luwoba, ken-
toba, monotonuroba; sinusi da tangensi kenti funqciebia, 
kosinusi luwi funqciaa: sin(–t)= –sint; cos(–t)=cost; tg(–t)= –tgt.

monotonuri berZnuli sityvebidanaa warmoSobili (mono _ erTi, erTaderTi) 

da erTi tonis _ erferovans, erTgvars niSnavs. zogjer ki mosawyenis; 

momabezrebelis gamomxatvelicaa. magaliTad, monotonuri moxsenebiT Znelia 

msmenelebis daintereseba.

maTematikaSi es cneba gamoCenilma germanelma maTematikosma dirixlem (1805-1859) 

Semoitana. Tavis samenciero SromebSi igi ZiriTadad mTel ricxvTa Tvisebebs Seiswav-

lida.

Cveni

leqsikoni

			  1. TqvenTvis cnobili trigonometriuli funqciebidan romelia luwi 
funqcia? romelia kenti funqcia?

			  2. ra SualedebSia monotonuri (zrdadi, klebadi) Tqven mier Seswa-
vlili TiToeuli trigonometriuli funqcia?
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		  leonard eileri (1707-1783) — didi Sveicarieli 
maTematikosi, fizikosi da astronomi. 

			   `sin~ da `cos~ simboloebis damkvidreba eileris saxels 
ukavSirdeba. eilerma SemoiRo simbolo — tgx, Tumca, 
msoflios mraval qveyanaSi tangenss dRes `tan~ simbo-
loTi aRniSnaven.

1  			  nebismieri t ricxvisTvis sin(–t)+cos(–t)=

		 1) sint–cost  2) –sint+cost 	3) cost+sint 	4) –sint–cost.

2  			   nebismieri t ricxvisTvis, romlisTvisac cost≠0, gvaqvs tg(–t)=

	 1) –tgt 	    2) tgt 	 3) sint 	 4) cost.

3  			  luwi funqciis gansazRvris are ar SeiZleba iyos
	 1) (-3; 3) Sualedi 		  2) [-3; 3) Sualedi 
	 3) [-3; 3] 			     4) (–∞; +∞) Sualedi.

4  			  Tu y=f(x) kenti funqciaa da misi grafiki gadis M(–3; 4) wertilze, 
maSin amave grafiks aucileblad ekuTvnis

	 1) M(–3; –4) wertili 		  2) M(3; –4) wertili 
	 3) M(3; 4) wertili 		  4) M(–3; 8) wertili.

5  			  SearCieT luwi funqcia.

	 1) y=|x|	     2) y=2x 	 3) y=x3 	 4) y=x5+x.

6  			  SearCieT kenti funqcia
	 1) y=cosx	     2) y=3x2 	   3) y=x4 	 4) y=2x3.

7  			   mocemulia utolobebi:

	 I. sin4π
5

>sin
3π
5

; 	 II. cos
π
5

>cos
π
6

; 		  III. tg
7π
5

>tg
7π
6

.

				   maTgan WeSmaritia
	 1) I 	 2) mxolod II 	 3) mxolod III 	 4) II da III.

8  			  cos1000–cos990 gamosaxulebis mniSvneloba
	 1) dadebiTia    2) uaryofiTia 	 3) nulia    	4) arauaryofiTia.

s

a

SearCieT swori pasuxi
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9  			  sin2000–sin2010 gamosaxulebis mniSvneloba
	 1) dadebiTia 	 2) uaryofiTia 	 3) nulia 	 4) aradadebiTia.

10  			  daalageT zrdis mixedviT tg10, tg50, tg1.

	 1) tg10<tg50<tg1	 2) tg50<tg10<tg1	

	 3) tg10=tg1<tg50	 4) tg1<tg10<tg50

11  			  Tu t izrdeba 0-dan π
2

-mde, maSin sint 

	 1) izrdeba 0-dan 1-mde 		 2) klebulobs 0-dan -1-mde 
	 3) izrdeba –1-dan 0-mde 		  4) klebulobs 1-dan 0-mde.

amoxseniT amocanebi

12  			  SeamowmeT — luwia, Tu kenti mocemuli funqcia:

	 a) y=|sinx|·cosx; 		  b) y=(x2+1)tgx;

	 g) y=|x|+sin|x|; 		  d) y=sinx+cosx;

	 e) y=|x|·tgx; 			   v) y=(x2–1)cosx.

13  			  suraTze luwi funqciis grafikis nawilia gamosaxuli. gaagrZeleT 
grafikis gamosaxva — warmoadgineT iseTi nawilic, rac aucileblad 
ekuTvnis grafiks.

	 a) 			     b)

			   			 

	 g) 			     d)

			   			 

14  			  suraTze kenti funqciis grafikis nawilia gamosaxuli. gaagrZeleT 
grafikis gamosaxva — warmoadgineT iseTi nawilic rac aucileblad 
ekuTvnis grafiks.

	 a) 			     b) 
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	 g) 			     d) 
			   			 

15  SeadareT tg1–tg10 gamosaxuleba nuls.

16  SeadareT:

	 a) sin280 da sin360; 		  b) cos280 da cos360;

	 g) sin
4π
5

 da sin
3π
5

;		  d) cos
4π
5

 da cos
3π
5

;

	 e) cos(- π
4 ) da cos(- π

5 );		  v) cos
5π
4

 da cos
6π
5

;

	 z) cos
6π
5

 da cos
5π
4

; 	                 T) tg150 da tg600;

	 i) tg240 da tg420; 		     k) tg(- π
3 ) da tg(- π

6 ).

17  cnobilia, rom 0<t
1
<
π
2

, 0<t
2
<
π
2

, t
2
>t

1
. SeadareT nuls:

	 a) tgt
2
–tgt

1
; 		  b) sint

2
–sint

1
; 		  g) cost

2
–cost

1
.

18  SeadareT:

	 a) cos1 da 1; 	                     b) tg2 da 1;

	 g) sin2 da 1; 		  d) tg
π
8

 da tg0,8.

19  cnobilia, rom 0<t
1
<
π
2

, 0<t
2
<
π
2

; SeadareT t
1
 da t

2
, Tu:

	 a) sint
1
=
3
7

, sint
2
=
4
7

; 	    b) cost
1
=
1
5

, cost
2
=
1
7

; 	 g) tgt
1
=8, tgt

2
=5.

20  daadgineT namravlis niSani:

	 a) sin7800cos7650tg3980sin15600;

	 b) cos10200tg18450tg(–14850);

	 g) tg(–19860)cos20070sin(–20060);

	 d) sin
135π

3
cos(-128π

6 )tg247π5
.
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4) dayvanis formulebi

vTqvaT, MN monakveTi erTeulovani wrewiris dia-
metria, maSin M da N koordinatTa saTavis mimarT si-
metriuli wertilebia; amitom M-is koordinatebi N-is 
koordinatebisgan niSniT gansxvavdeba. amasTanave, Tu N 
wertili t ricxvs Seesabameba, maSin M wertili — π+t-s.

maSasadame,

			   sin(π+t)=–sint,

			   cos(π+t)=–cost.		
(1)

gavixsenoT: π tangensis periodia — tg(π+t)=tgt.

M(t) da N(π–t) wertilebi ordinatTa RerZis mimarT 
simetriuli wertilebia (SeecadeT Tavadac SeamowmoT 
es faqti). amitom maTi ordinatebi tolia, abscisebi ki 
mxolod niSniT gansxvavdeba. maSasadame,

	 cos(π–t)= –cost,

	 sin(π–t)=sint.		
(2)

• SeiZleba Tu ara (2) formulebi miviRoT (1) formulebidan?

• aCveneT, rom tg(π–t)=–tgt.

SeecadeT, analogiuri msjelobiT, erTeulovani wrewiris daxmarebiT, 
aRweroT, Semdegi formulebis WeSmaritoba:

			   sin(
π
2

 –t)=cost,	 sin(
π
2

 +t)=cost

			   cos(
π
2

 –t)=sint,	cos(
π
2

 +t)= –sint.	

(3)

• (1), (2) da (3) formulebis gamoyenebiT SeecadeT daasabuToT:

			   sin(2π–t)=–sint,	cos(2π–t)=cost,

			   sin(3π
2

+t)=–cost,	cos(3π
2

+t)=sint,	 (4)

			   sin(3π
2

 –t)=–cost,	cos(3π
2

–t)= –sint.

• vTqvaT, 0<t<
π
2

. gamoarkvieT, am SemTxvevaSi romel meoTxeds ekuTvnis 

π
2

 –t, 
π
2

+t, 
3π
2

+t, 3π
2

 –t, 2π–t ricxvebidan TiToeulis Sesabamisi wertili?

• daukvirdiT (1)-(4) formulebs. ra gansxvavebaa da ra saerToa π±t, 2π–t 

da π
2
±t, 

3π
2
±t ricxvebis SemTxvevebs Soris? 

• π
2
±t an 3π

2
±t ricxvebis SemTxvevaSi sinusi icvleba kosinusiT, kosi-

nusi — sinusiT.

• π±t, 2π±t ricxvebis SemTxvevaSi sinusi ucvlelia, ucvlelia kosi-
nusic. 
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• TiToeuli tolobis marjvena mxareSi dawerili niSani Seesabameba 
marcxena mxareSi mocemuli funqciis niSans im meoTxedis Sesabamisad, 

romelsac misi argumenti ekuTvnis, Tu miviCnevT, rom 0<t<
π
2

.

(1)-(4) formulebi dayvanis formulebis saxeliTaa cnobili.

ase, magaliTad, cos(
3π
2

 –t)=–sint tolobis marjvena mxareSi gvaqvs `–~ niSani. 

uaryofiTia 3π
2

–t ricxvis Sesabamisi kosinusic (Tu vigulisxmebT, rom 0<t<
π
2

).

SevajamoT: 	 periodulobis gaTvaliswinebiT, nebismieri ricxvis 
trigonometriuli funqciis mniSvnelobis gamoTvla daiyvaneba [0; 2π) Sua-
ledSi funqciis mniSvnelobis gamoTvlaze. dayvanis formulebis gamoye-
nebiT ki [0; 2π) SualedSi sinusisa da kosinusis mniSvnelobebis gamoTvla 

daiyvaneba [0; π
4

] SualedSi am funqciaTa mniSvnelobebis gamoTvlaze.

[0; 2π) SualedSi tangensis mniSvnelobebis gamoTvlas iolad daviyvanT am 

funqciis [0; π
2

) SualedSi mniSvnelobebis gamoTvlaze. magaliTad, 

	 tg
4π
3

=tg(π+
π
3

)=tg
π
3

.

SeiZleba [0, π
4

] SualediTac davkmayofildeT. marTlac,

			  tg π
3

=

sin
π
3

cos
π
3

=

sin( π2 -
π
6 )

cos( π2 -
π
6 )

=

cos
π
6

sin
π
6

=
1

tg
π
6

.

1  			   nebismieri α-sTvis cos(1800+α)=

	 1) cosα 	   2) –cosα 	 3) sinα 	 4) –sinα.

2  			  nebismieri α kuTxisTvis, sin(1800+α)=

	 1) sinα 	   2) –sinα 	 3) cosα 	 4) –cosα.

3  			   nebismieri α kuTxisTvis, sin(900+α)=

	 1) cosα 	   2) –cosα 	 3) sinα 	 4) –sinα.

4  			  nebismieri α kuTxisTvis, cos(900+α)=

	 1) sinα  	   2) –sinα 	 3) cosα 	 4) –cosα.

a

SearCieT swori pasuxi
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5  nebismieri α kuTxisTvis, cos(2π–α)=

	 1) –sinα 	   2) sinα 	 3) –cosα 	 4) cosα.

	

6  sin
5π
6

=sin(p- π6 )=

	 1) 
√3
2

	    2) 
1
2  	 3) – 

√3
2

 	 4) –  1
2

.

7  cos1500=

	 1) – 
√3
2

	     2) –  1
2

 	 3) 
√3
2

 	 4) 1
2

.

8  cos
2π
3

=

	 1) –  1
2

 	    2) 1
2

 	 3) 
√3
2

 	 4) – 
√3
2

.

9  sin1050=

	 1) sin150	    2) sin250 	    3) cos150 	   4) –cos150.

10  cos3150=

	 1) 
√3
2

 	    2) 1
2

	 3) 
√2
2

	 4) – 
√3
2

.

11  Tu cosα= – 
3
5

, maSin sin(2700–α)=

	 1) 4
5

 	    2) 3
5

	 3) – 
3
5

 	 4) – 
4
5

.

12  Tu α maxvili kuTxea, sinα=
5
13

, maSin cos(1800+α)=

	 1) – 
5
13

 	    2) 12
13

 	 3) – 
12
13

 	 4) 5
13

.

amoxseniT amocanebi

13  ipoveT:

	 a) 10tg1350sin2250cos3150; 		

	 b) 16sin
π
6

cos
π
3

tg
4π
3

tg
π
3

.
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14  gaamartiveT:

	 a) sin(-)

sin(1800-)
+

cos 
sin(900+)

+1;	

	 b) tg(2700-)sin1300cos3200sin2700·tg(1800-)

cos500sin2200cos3600
.

	

miTiTeba.	 tg(2700–α)=
sin(2700- )
cos(2700- )

=
-cos  
-sin  

=
cos  
sin  

= 1

tg  
.

15  			  gamosaxeT [0; π
4

]-Si moTavsebuli argumentis trigonometriuli fun-

qciiT:

	 a) sin
28π

3
;	 b) cos

31π
4

;	 g) tg(-58π
3 ); 	 d) sin(-29π

6 );
	 e) tg8000;	 v) sin(–4050); 	 z) cos6000;	 T) tg(–9410).

miTiTeba.	 gamoiyeneT perioduloba da dayvanis formulebi.
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1) gavixsenoT sinusisa da kosinusis ZiriTadi Tvisebebi:

1)	 gansazRvris are: D(sin)=D(cos)=R,
	 mniSvnelobaTa simravle: E(sin)=E(cos)=[–1; 1].

2)	 sinusi kenti funqciaa, kosinusi _ luwi;
	 nebismieri x-isTvis, sin(–x) = –sinx, cos(–x) = cosx.

3) sinusi da kosinusi perioduli funqciebia da TiToeuli maTganis 
umciresi dadebiTi periodia 2π, anu nebismieri x-isTvis _ 

			   sin(x+2πn)=sinx,

			   cos(x+2πn)=cosx, n∈Z,

sinusisa da kosinusis grafikebis agebisas am Tvisebebs gaviTvaliswinebT. 
magaliTad, periodulobis gamo sakmarisia grafikebi [0; 2π) Sualedze avagoT.

viwyebT sinusis grafikis agebiT. [0; 2π) Sualedi, vTqvaT, 16 tol nawilad 
davyoT. am dayofas erTeulovani wrewiris 16 tol nawilad dayofa Seesabameba 
_ kerZod, Tu t=0, maSin misi Sesabamisia erTeulovani wrewiris P

0
 wertili; 

sazogadod, [0; 2π)-dan aRebuli raime t ricxvis Sesabamisia amave wrewiris 
P

t 
wertili, romlis ordinati sint-s tolia.

davixmaroT es monacemebi sinusis grafikis asagebad.

Tu raime P
t
 wertilze gavavlebT abscisaTa RerZis paralelur wrfes, maSin 

x=t wrfesTan misi gadakveTis wertilis ordinatic sint iqneba. ase avagebT 
x-is 16-ve mniSvnelobisTvis [0; 2π) Sualedidan y=sinx funqciis grafikis 16 
Sesabamis wertils.

funqciis Tvisebebis gaTvaliswinebiT, SeiZleba vivaraudoT, rom y=sinx 
funqciis grafiki, roca x∈[0; 2π), Semdeg suraTzea gamosaxuli:

1.9 trigonometriuli funqciebis grafikebi

y

8
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periodulobis gaTvaliswinebiT, y=sinx funqciis grafikis sxva nawilebi 
agebuli wirisgan paraleluri gadatanebiT miiReba (OX RerZis paraleluri 

2π erTeulis sigrZis veqtorebiT): 

am suraTze gamosaxul wirs, romelic y=sinx funqciis grafiks warmogvid
gens, sinusoida ewodeba. sinusi kenti funqciaa _ Sesabamisad, grafiki koor
dinatTa saTavis mimarT simetriuli wiria.

axla grafikis agebis sxva xerxi aRvweroT:

• ipoveT argumentis mniSvnelobebi, romlebic Cven mier [0; π
2

] Sualedis 
dayofisas miRebul wertilebs Seesabameba.

• kalkulatoris gamoyenebiT ipoveT sinusis Sesabamisi mniSvnelobebi. 
daamrgvaleT miRebuli aTwiladebi meaTedebamde.

• warmoadgineT miRebuli ricxvebi cxrilis saxiT da ipoveT sakoordi-
nato sibrtyeze Sesabamisi wertilebi.

• aageT (Tqveni varaudiT) grafikis nawili [0; π
2

] Sualedze.

• ra RerZuli simetriiT SeiZleba miviRoT grafikis nawili [ π
2

; π] Su-

aledze? gaiTvaliswineT: sin(
π
2

+t)=sin(
π
2

 –t).

• gamoiyeneT centruli simetria da aageT grafiki [–π; 0] Sualedze. 
gaiTvaliswineT: sin(–x) = – sinx.

• rogor miviRoT grafikis sxva nawilebi? iqneb gamoviyenoT funqciis 
periodulobis Tviseba? 

axla y=cosx funqcia ganvixiloT.

y

x

-1
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davixmaroT y=sinx funqciis grafiki da kavSiri sinussa da kosinuss So-
ris, romelic nebismieri x-sTvis Semdegi formuliT moicema:

			    sin(x+
π
2 )=cosx. 

amrigad, y=cosx funqciis grafiki SeiZleba miviRoT y=sinx funqciis 

grafikis paraleluri gadataniT marcxniv π
2

 erTeuliT ( a (–0,5π;0) veqto-
riT). y=cosx funqciis grafikia:

es grafiki simetriulia ordinatTa RerZis mimarT (x=πk, k∈Z saxis 

nebismieri wrfis mimarTac). simetriulia x=
π
2

+πk, k∈Z saxis nebismieri 
wertilis mimarTac.

sinusisa da kosinusis grafikebze [0; 2π] SualedSi gamovyoT e. w. sakvanZo 
wertilebi.

suraTze miTiTebulia sinusis 
grafikis xuTi sakvanZo wertili. isini 

x RerZze aRebul x=0, x=
π
2

, x=π,  

x=
3π
2

 da x=2π ricxvebs Seesabameba.
grafikis x RerZTan gadakveTis 

wertilebia: x=0, x=π da x=2π. am 
wertilebSi sinx=0. es ricxvebi sinusis nulebia [0;  2π] SualedSi.

x=
π
2

 sinusis maqsimumis wertilia _ sin
π
2

=1.

x=
3π
2

 sinusis minimumis wertilia _ sin
3π
2

=–1.

periodulobis gaTvaliswinebiT, gvaqvs:
sinusis nulebia: x=πn, n∈Z.

maqsimumis wertilebia: x=
π
2

+2πn, n∈Z. am wertilebSi sinx=1.

minimumis wertilebia: x= – π
2

+2πn, n∈Z. am wertilebSi sinx= –1.

suraTze miTiTebulia kosinusis 
grafikze xuTi sakvanZo wertili; 

isini RerZze aRebul x=0, x=
π
2

, x=π, 

x=
3π
2

 da x=2π ricxvebs Seesabameba.
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x=
π
2

 da x=
3π
2

 abscisaTa RerZTan gadakveTis wertilebia;

x=0 da x=2π maqsimumis wertilebia;
x=π minimumis wertilia.
periodulobis gaTvaliswinebiT, gvaqvs:

kosinusis nulebia:	 x= π
2

+2πn, n∈Z da x=
3π
2

+2πn, n∈Z, anu 

				    x=
π
2

+πn, n∈Z;

		   maqsimumis wertilebia: x=2πn, n∈Z, am wertilebSi cosx=1;
		   minimumis wertilebia: x=π+2πn, n∈Z, am wertilebSi cosx=–1.

2) axla tangensis grafiki avagoT. gavixsenoT tangensis ZiriTadi 
Tvisebebi:

1) gansazRvris are: D(tg) argumentis yvela im mniSvnelobis simravlea, 

romlebisTvisac cosx≠0, anu (– 
π
2

+πn; 
π
2

+πn), n∈Z, Sualedebis gaerTianeba.

mniSvnelobaTa simravle: E(tg)=R.
2) tangensi kenti funqciaa _ nebismieri x-sTvis, romelic ekuTvnis 

tangensis gansazRvris ares, tg(–x) = –tgx.

3) tangensi perioduli funqciaa, umciresi dadebiTi periodia π _ 
nebismieri x-isTvis D(tg) simravlidan: tg(x+πn)=tgx, n∈Z.

avagoT tangensis grafiki π sigrZis Sualedze _ (- π
2

; π
2 ) Sualedze. 

gavyoT es Sualedi 8  tol nawilad. 

(- π
2

; π
2 ) Sualedis 8 tol nawilad dayofas naxevarwrewiris 8 tol nawilad 

dayofa Seesabameba.
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suraTze am Sualedze tangensis grafikis agebis wesia warmodgenili. 
periodulobis gamo tangensis grafiki miiReba aRniSnuli grafikis paraleluri 
gadataniT x RerZis gaswvriv (marjvniv da marcxniv) πn, n∈Z erTeuliT.

tangensis grafiks tangensoida ewodeba.

tangensis grafikis x RerZTan gadakveTis wertilebia x=πn (n∈Z) wertilebi. 
am wertilebSi tgx=0 _ es wertilebi tangensis nulebia.

SevajamoT: 		  gamoviyeneT trigonometriuli funqciebis Tvisebebi da 
aRvwereT am funqciebis grafikebis agebis xerxebi.

sakvanZo _ ZiriTads, mTavars, arsebiTs, mravalmxriv sayuradRebos niSnavs. 

samxedro moqmedebisas amboben xolme; jariskacebma sakvanZo pozicia 

daikaveso.
Cveni

leqsikoni

s
		  sinuss, kosinussa da tangenss ZiriTad trigonometriul funqciebs 

uwodeben. maT garda ganixilaven kidev sam trigonometriul funqcias 
_ sekanss, kosekanss da kotangenss.

	 	 sekanss im x ricxvebisTvis, romlebisTvisac cosx≠0, ase ganvsazRvravT:

secx=
1

cos x
,

	 kosekanss im x ricxvebisTvis, romlebisTvisac sinx≠0 _ formuliT:

cosecx=
1

sin x
.

		  cosecx-s asec Caweren xolme: cscx.
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1 	sinusis grafiki simetriulia 
	 1) OX RerZis mimarT 
	 2) OY RerZis mimarT 
	 3) koordinatTa saTavis mimarT 
	 4) I da IV sakoordinato meoTxedebis biseqtrisebze gamavali wrfis 

mimarT.

2  kosinusis grafiki simetriulia 
	 1) OX RerZis mimarT 
	 2) OY RerZis mimarT
	 3) koordinatTa saTavis mimarT 
	 4) I da IV meoTxedebis biseqtrisebze gamavali wrfis mimarT.

3  sinusis grafiki x RerZs kveTs wertilebSi:

	 1) x=
π
2

+πk, k∈Z		  2) x=πk, k∈Z

	 3) x=– 
π
2

+πk, k∈Z		 4) x=
π
2

+2πk, k∈Z.

4  kosinusis grafiki x RerZs kveTs wertilebSi:

	 1) x=
π
2

+πk, k∈Z		  2) x=πk, k∈Z

	 3) x=2πk, k∈Z 		  4) x=π+2πk, k∈Z.

5  sinusis grafiki y RerZs kveTs 
	 1) (0; 1) wertilSi	 2) (0; –1) wertilSi 
	 3) (0; 0) wertilSi	 4) (1; 1) wertilSi.

a

SearCieT swori pasuxi

		  kotangenss im x ricxvebisTvis, romlebisTvisac, sinx≠0 ganvsazRvravT 

formuliT: 		      ctgx=
cos x

sin x
.

		  maxvili α kuTxisTvis eqvsi trigonometriuli funqcia α maxvili 
kuTxis mqone marTkuTxa samkuTxedis gverdebis 6 SefardebiT ganisaz
Rvreba:

				    sinα=
a

c
, cosα=

b

c
, tgα=

a

b
,

				    ctgα=
b

a
, secα=

c

b
, cosecα=

c

a
.
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6  kosinusis grafiki y RerZs kveTs
	 1) (0; 1) wertilSi	 2) (0; –1) wertilSi
	 3) (0; 0) wertilSi	 4) (1; 1) wertilSi.

7  tangensis grafiki x RerZs kveTs wertilebSi

	 1) x=
π
2

+πk, k∈Z		  2) x=– 
π
2

+πk, k∈Z

	 3) x=
3π
2

+2πk, k∈Z		  4) x=πk, k∈Z.

8  tangensis grafiki simetriulia
	 1) x RerZis mimarT	 2) y RerZis mimarT 
	 3) koordinatTa saTavis mimarT 
	 4) I da IV meoTxedebis biseqtrisebze gamavali wrfis mimarT.

amoxseniT amocanebi

9  ipoveT sinusoidaze OY RerZidan 5π
6

-iT daSorebuli wertilebis koor-
dinatebi.

10  (0; 
√3
2

) wertilze gaavleT OX RerZis paraleluri wrfe. ipoveT am 

wrfis sinusoidasTan gadakveTis im wertilebis koordinatebi, romelTa 
abscisebi [0; 2π] Sualeds ekuTvnis.

11  ipoveT x-is yvela is mniSvneloba, romlisTvisac sinx=
√2
2

 da x∈[0; 2π] 

_ ipoveT sinx=
√2
2

 gantolebis fesvebi miTiTebul SualedSi.

12  		 gamoiyeneT y=sinx-is grafiki da ipoveT am grafikis y=
1
2

 wrfesTan 
gadakveTis wertilis abscisebi, roca x∈[0; 2π].

		  • daasabuTeT, rom x-is mimarT sinx=
1
2

 gantolebis fesvebi, rom-

lebic ekuTvnis [0; 2π] Sualeds, aris x=
π
6

 da x=
5π
6

.

		  • gamoiyeneT perioduloba da dawereT formula, romliTac Sei-

Zleba vipovoT x-is yvela is mniSvneloba, romlisTvisac sinx=
1
2

 _ 

romliTac sinx=
1
2

 gantolebis fesvebi moicema.

13  		 SeadgineT da amoxseniT wina amocanis analogiuri amocana sinx=– 
√2
2

 
gantolebisTvis.
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14  		 kveTs Tu ara y=2 wrfe y=sinx an y=cosx funqciebis grafikebs? 
pasuxi daasabuTeT.

15 	 	 kveTs Tu ara y=a wrfe (a nebismieri namdvili ricxvia) y=tgx fun-
qciis grafiks?

	 • imsjeleT grafikis mixedviT.
	 • CamoayalibeT daskvnebi.

16  ipoveT cosx=
1
2

 gantolebis fesvebi.

	 • jer ipoveT [–π; π] Sualedidan yvela is x ricxvi, romlisTvisac 

cosx=
1
2

.

	 • SeecadeT, daweroT formula cosx=
1
2

 gantolebis fesvebis sapovne-
lad (gamoiyeneT perioduloba).

17  

		  • gamoiyeneT y=sinx funqciis grafiki da dawereT [0; 2π] Sualedi-

dan x-is im mniSvnelobaTa simravle, romlebisTvisac sinx>
1
2

.

		  • gamoiyeneT perioduloba da ipoveT yvela is Sualedi, romle-

biTac sinx>
1
2

 utolobis amonaxsnebi moicema (x-is im mniSvnelobaTa 

simravle, romlebisTvisac WeSmariti ricxviTi utoloba miiReba).

18  		 gaavleT sinusoidis simetriis romelime RerZi.
	 • ipoveT am RerZisa da sinusoidis gadakveTis wertilis koordinatebi.
	 • dawereT am RerZis gantoleba.
	 • dawereT formula, romliTac simetriis nebismieri RerZi moicema.

19  

		  • sinusoidis mixedviT ipoveT x-is yvela is mniSvneloba [ π2 ;
5π
2 ] 

Sualedidan, romlebisTvisac sinx<
√2
2

.
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		  • gamoiyeneT perioduloba da ipoveT yvela Sualedi, romlebiTac 

sinx<
√2
2

 utolobis amonaxsnebi moicema.

20  

		  • y=cosx funqciis grafikis gamoyenebiT ipoveT cosx≥ 1
2

 utolobis 

amonaxsnebi, romlebic [–π; π] Sualeds ekuTvnis. pasuxi warmoadgineT 
Sualedis saxiT.

21  

		  • ipoveT yvela Sualedi, romlebiTac cosx≥ 1
2

 utolobis amonaxsnebi 
moicema.

		  • ipoveT y=
1
2

 da y=cosx funqciebis grafikebis gadakveTis wertilebis 

abscisebi, romlebic [0; 2π] Sualeds ekuTvnis.

		  • ipoveT cosx<
1
2

 utolobis amonaxsnebi, romlebic [0; 2π] Sualeds 

ekuTvnis (amonaxsnebis simravle, Tu SesaZlebelia, warmoadgineT Su-
aledis saxiT).

		  • ipoveT yvela Sualedi, romlebiTac cosx<
1
2

 utolobis amonaxsnebi 
moicema.
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trigonometriuli gantolebebi

1) sinx=m gantoleba. arksinusi

vTqvaT, m mocemuli ricxvia da dasmulia amocana _ vipovoT x-is yvela is 

mniSvneloba, romlis sinusi m-is tolia, anu _ amovxsnaT sinx=m gantoleba. am 
amocanis ramdenime kerZo SemTxveva wina paragrafSi ganvixileT, viyenebdiT 
sinusis grafiks da sinusis Tvisebebs.

gantolebis amoxsna SeiZleba davukavSiroT y=sinx da y=m funqciebis 
grafikebis gadakveTis wertilebis povnis sakiTxs.

• Tu |m|>1, maSin, cxadia, y=m wrfes saerTo wertili ara aqvs y=sinx funqciis 
grafikTan da am SemTxvevaSi gantolebas amonaxsni ara aqvs.

• Tu |m|≤1, maSin [- 
π
2

;
π
2 ] SualedSi (am SualedSi sinusi zrdadi funqciaa) y=m 

wrfe sinusis grafiks erT wertilSi kveTs, arsebobs erTaderTi ricxvi [- 
π
2

;
π
2 ] 

SualedSi, romlis sinusi m-is tolia, mas m ricxvis arksinusi ewodeba _ arcsinm.

amrigad, Tu |m|≤1, arcsinm ∈[- 
π
2

;
π
2 ]], sin(arcsinm)=m.

magaliTad, arcsin 
1
2

= 
π
6

, radgan sin 
π
6

= 
1
2

 da π
6
∈[- 

π
2

;
π
2 ]

arcsin(- 
1
2 )=- 

π
6

, radgan sin(- 
p
6 )=- 

1
2

, - 
p
6
∈[- 

π
2

;
π
2 ]

arcsin1=
π
2

, radgan sin 
π
2

=1,  p
2
∈[- 

π
2

;
π
2 ] 

p sigrZis momdevno SualedSic _  [ π2 ;
3π
2 ] SualedSi erTaderTi x ricxvi 

arsebobs, romlis sinusi aris m-is toli (am SualedSi sinusi klebadia).
daukvirdiT suraTs, gamoiyeneT sinusis Tvisebebi da aCveneT, rom es 

ricxvi aris p-arcsinm.

maSasadame, 2p sigrZis SualedSi gvaqvs amonaxsnebi:

x
1
=arcsinm,

				  

1.10
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x
2
=p-arcsinm.

roca m=1, isini erTmaneTs emTxveva.
Tu gaviTvaliswinebT, rom sinusi perioduli funqciaa da misi periodi aris 

2p, maSin SeiZleba davweroT

					     sinx=m 			   (1)
gantolebis yvela amonaxsnis formulebi: 

					     x=arcsinm+2pk 		  (2)

					     x=p-arcsinm+2pk, k∈Z 	 (3)
amonaxsnebis es formulebi SeiZleba asec CavweroT:

			 
x=(-1)karcsinm+pk, k∈Z 	 (4)

	

roca k luwia miviRebT yvela amonaxsns, romelic zemoT (2) formuliTaa 

warmodgenili; roca k kentia _ miviRebT (3) formuliT warmodgenil amonaxsnebs.

2) cosx=m gantoleba. arkkosinusi.

vTqvaT, m mocemuli ricxvia. davsvaT amocana _ vipovoT

					     cosx=m 	 (1)

gantolebis amonaxsnebis simravle, vipovoT x-is yvela is mniSvneloba, romlis 

kosinusi m-is tolia.
amjerad kosinusis Tvisebebi da misi grafiki gamoviyenoT.

gantolebis amoxsna SeiZleba y=cosx da y=m funqciebis gadakveTis wertilebis 
povnas davukavSiroT.

Tu |m|>1, maSin, cxadia, y=m wrfes saerTo wertili ara aqvs y=cosx funqciis 
grafikTan da am SemTxvevaSi gantolebas amonaxsni ara aqvs.

Tu |m|≤1, maSin [0; p] SualedSi (am SualedSi kosinusi klebadia) y=m wrfe 

kosinusis grafiks erT wertilSi kveTs, arsebobs erTaderTi ricxvi [0; p] 

SualedSi, romlis kosinusi m-is tolia; mas m ricxvis arkkosinusi ewodeba _ 

arccosm.

amrigad, Tu |m|≤1, maSin arccosm∈[0; p] da cos(arccosm)=m.

magaliTad, arccos
1
2

=
p
3

, radgan cos
p
3

=
1
2

 da p
3
∈[0; p], 
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arccos(- 
1
2 )= p- p

3
=
2p
3

, radgan cos 
2p
3

=- 
1
2

da  2p
3
∈[0; p]

arccos(-1)=p, radgan cosp=-1 da p∈[0; p].

[-p; 0] SualedSic (1) gantolebas erTi amonaxsni aqvs _ –arccosm. maSasadame, 2p 

sigrZis SualedSi _ [-p; p] SualedSi gvaqvs amonaxsnebi:

				    x
1
=arccosm, x

2
=-arccosm.

Tu gaviTvaliswinebT kosinusis periodulobas, maSin SeiZleba davweroT 
yvela amonaxsnis formulebi:

x=±arccosm+2pk, k∈Z.

3)  tgx=m gantoleba. arktangensi

tangensi perioduli funqciaa, misi umci

resi dadebiTi periodi aris p.

nebismieri m ricxvisTvis y=tgx funqciis 

grafiks y=m wrfe (- 
p
2

; 
p
2 ) SualedSi erT 

wertilSi kveTs; arsebobs erTaderTi ricxvi am 

Sualedidan, romlis tangensi aris m, am ricxvs 

m ricxvis arktangensi ewodeba _ arctgm.
magaliTad, 

arctg1= 
p
4

, radgan tg 
p
4

=1 da p
4
∈(- 

p
2

; 
p
2 );

arctg(-1)=- 
p
4

, radgan tg(- 
p
4 )=-1 da - 

p
4
∈(- 

p
2

; 
p
2 )

maSasadame, p sigrZis SualedSi tgx=m gantolebis amonaxsnia arctgm.
Tu gaviTvaliswinebT tangensis periodulobas, maSin

tgx=m

gantolebis yvela amonaxsni ase Caiwereba

x=arctgm+pk, k∈Z.

SevajamoT:  	trigonometriuli funqciebis Tvisebebisa da grafikebis ga

moyenebiT miviReT formulebi, romlebiTac sinx=m, cosx=m 

da tgx=m gantolebebis yvela amonaxsns warmovadgenT. Sesa-
bamisad gvaqvs formulebi:
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		  1. ra ricxvia arcsinm?

		  2. ra ricxvia arccosm?

		  3. ra ricxvia arctgm?

		  4. m-is ra mniSvnelobebisTvis ara aqvs amonaxsni sinx=m da cosx=m 
gantolebebs?

		  5. arsebobs Tu ara m-is iseTi mniSvneloba, romlisTvisac tgx=m 
gantolebas ara aqvs amonaxsni?

		  erTeulovani wrewiris gamoyenebiT aRwereT 

		  sinx=m, cosx=m, tgx=m 
	 gantolebebis amonaxsnebis povnis procesi. gainawileT samuSao, ganixileT 

SesaZlo SemTxvevebi.

j

x=(-1)karcsinm+pk, k∈Z

arcsinm aris ricxvi, 
romelic ekuTvnis  

[- 
p
2

; 
p
2 ] Sualeds da 

romlis sinusi aris m. 

aq vgulisxmobT, rom 

|m|≤1.

x=±arccosm+2pk, k∈Z

arccosm aris ricxvi, 
romelic ekuTvnis  

[0; p] Sualeds da rom

lis kosinusi aris m. 

aq vgulisxmobT, rom 

|m|≤1.

x=arctgm+pk, k∈Z

arctgm aris ricxvi, 

romelic ekuTvnis  

(- 
p
2

; 
p
2 ) Sualeds da 

romlis tangensi aris 

m.
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1  	 Tu sinx=
√2
2

,    x∈[- 
π
2

;
π
2 ], maSin x=

	 1) π
3

 			   2) π
6

 			   3) π
4

 			   4) π
2

.

2 	 Tu sinx=
-√3

2
,    x∈[- 

π
2

;
π
2 ], maSin x=

	 1) - 
π
4

 		  2) - 
π
6

 		  3) - 
π
2

 		  4) - 
π
3

.

3 	 Tu sinx=- 
1
2

,    x∈[- 
π
2

;
π
2 ], maSin x=

	 1) - 
π
6

 		  2) - 
π
3

 		  3) - 
π
4

 		  4) - 
π
2

.

4 	 Tu sinx=1,    x∈[- 
π
2

;
π
2 ], maSin x=

	 1) π
6

 			   2) π
3

 			   3) π
4

 			   4) π
2

.

5 	 Tu cosx=
1
2

, 	  x∈[0; p], maSin x=

	 1) 2π
3

 			   2) π
3

 			   3) 3π
4

 			   4) π
6

.

6 	 Tu cosx=-
√3
2

,    x∈[0; p], maSin x=

	 1) π
6

 			   2) 5π
6

 			   3) π
3

 			   4) - 
π
6

.

7 	 Tu cosx=0,    x∈[0; p], maSin x aris

	 1) π
2

 			   2) 3π
2

 			   3) 5π
2

 			   4) π
6

.

8 	 Tu tgx=-1,    x∈(- 
π
2

;
π
2 ), maSin x aris 

	 1) - 
π
6

 		  2) - 
π
4

 		  3) - 
π
3

 		  4) 5π
4

.

a

SearCieT swori pasuxi
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9 	 Tu tgx=√3, x∈[- 
π
2

;
π
2 ], maSin x aris

	 1) π
6

 			   2) π
3

 			   3) π
4

 			   4) 3π
4

.

amoxseniT amocanebi

10 	 ipoveT:

	 a) arcsin1; 		  b) arcsin(-√2
2 );

	 g) arcsin0; 		  d) arcsin(-√3
2 ).

11 	 ipoveT:

	 a) arccos
1
2

; 		  b) arccos(- 1
2 );

	 g) arccos(-√3
2 ); 	 d) arccos1.

12 	 ipoveT:

	 a) arctg(-1); 		  b) arctg( 1

√3);
	 g) arctg(-√3 ); 	 d) arctg1.

13 	 aqvs Tu ara azri gamosaxulebas:

	 a) arcsinp; 		  b) arcsin
p
3

; 		  g) arcsin√5 ; 

	 d) arctg√5 ; 	 	 e) arccos√ 
2
3 ; 		  v) arcsin1,6; 

	 z) arccosp; 		  T) arccos(-√3 ); 	 i) arcsin
3
7

 ?

14 	 ipoveT gamosaxulebis mniSvneloba:

	 a) arcsin
√3
2

+arccos
√3
2

; 		  b) arcsin0+arccos0; 

	 g) arcsin(-√2
2 )+arccos

1
2

; 		  d) arcsin(-1)+arccos
√3
2

; 

	 e) arctg1-arctg√3 ; 			   v) arctg
1

√3
-arctg1; 

	 z) arctg√3 +arctg
1

√3
.



110

amoxseniT gantoleba (15-21)

15 	 a) cosx=
1
2

; 			   b) cosx=-
√2
2

; 		  g) cosx=
√3
2

.

16 	 a) 2cosx+√3 =0; 		  b) √2 cosx-1=0; 

	 g) 2cosx+√2 =0; 		  d) 2cosx-1=0.

17 	 a) sinx=-
√3
2

; 		 b) sinx=
1
2

; 		  g) sinx=- 
1
2

; 		  d) sinx=-
√2
2

.

18 	 a) 2sinx-√3 =0; 	 b) 2sinx+√3 =0; 	 g) 2sinx-1=0; 		 d) 2sinx+√2 =0.

19 	 a) tgx=-
1

√3
; 		  b) tgx=1; 		  g) tgx=-1; 		  d) tgx=√3 .

20 	 a) tgx+√3 =0; 		 b) tgx-√3 =0; 		  g) 3tgx-3=0; 		  d) 4tgx+4=0.

21 	 a) sinx=-0,6; 		 b) cosx=0,3; 		  g) tgx=2,5; 		  d) tgx=-3,5.

22 	 amoxseniT gantoleba:

	 a) cos( p6 -2x)=-1; 		  b) 2sin( p3 -
x
4 )=√3 ;

	 g) tg( p4 -
x
2 )=-1; 		  d) 2cos( p4 -3x)=√2 .

23 	 a-s ra mniSvnelobebisTvis aqvs amonaxsni gantolebas?

	 a) 2cosx-a2+1=0; 		  b) sinx=2a+1;

	 g) 3tgx=a; 			   d) 3sinx=a2-1.

24 	 amoxseniT gantoleba da ipoveT misi amonaxsni miTiTebul SualedSi:

	 a) sin(x+
p
6 )=-1,    p<x<

3p
2

;		  b) sinx=-
√3
2

,    x∈[3p2 ; 2p];
	 g) 2sin2x=1,  x∈[p; 3p2 ];		  d) sin2x-cos2x=0,    	 x∈[0; 

p
2 ].

25 	 mocemulia gantolebebi:

	 I.    cos( p3  -2x)= 1
2

; 			   II.    sin(2x+
p
4 )=-1.

	 ipoveT TiToeuli gantolebisTvis:
	 a) umciresi dadebiTi amonaxsni;

	 b) amonaxsnebi, romlebic ekuTvnis [ p2 , 3p
2 ] Sualeds;

	 g) amonaxsnebi, romlebic ekuTvnis (-p, p2 ) Sualeds.




